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Applications of 3mfld HF

Q about 3mflds

L spaceconjecture

Ie HE sees leftorderability taut foliations congecturally

Thurston norm

Given a class seeHaly what istheminimalgenusof a smooth representativeof x

Surgery questions

Every 3mfld is Dehnsurgery on a
link L in s

Given Y what istheminimal of components of L which are needed

Q about mflds between 3mflds relative 4mfldtheory

Definite bounding

orientable

Every zit bounds a smooth 4mfld constraints on the intersection
What kindof 4mflds doesa given Y bound positivedefinite negativedefinite etc

Homology cobordism

Every IHS bounds a topological HB infact contractiblemfld
Which IHS bound smooth 14134



Def YandYa IHS are homologycobordat if I a IH STI cobordism

W btwthem

homologically a cylinder

01 all 21453 homcob

How bigis 03 Does it havetorsion

Formal structureand examples

arectorspacey
1 22

Addl properties

bijection w H Y HIf
these are in noncanonical

HF Y
s a spine
structureonY byacosetof inQ

If s is torsion then mayput an
absolute grading on HÉLYs

p spinestructures

EI HFS3 IF E HILipq s IF

for each s
HI IG 3,5 IF

elseHE EC23,7 F IE spin structures

y

E HE sis s ftoe
s

gedcp.gr 1

Fact If Y is a IHS have a Il grading

Fact If s is torsion dim HFLYs a 1

We will mostly focus on QHs3 so each s is torsion



Def A 0,1453 y is an Lspace if IHFG Hilt I equiv if HE is
minimal lensspaces 21213,5 are examples

L space conjecture can tell a lot about Y bychecking whether It is trivial

Aside involving theThurstonnorm

Def Let S us bean embeddedsurface in Y Let

X s Imax4157,0
For deHzCx H x let

o min X s
s O1

x

Icy aduleger FI
Also have HF andHft which wewilldiscuss nextlecture These are determined byHF

Again

HF Y HF Y s degU 2

If s is torsion then mayput an
absolute grading on HFCy s

EI HF S3 U HE 21213,51 Flu

G

24371 In p

gr z
geo o o go

G I
I

us
infinite downwards tower



E HF Lepa s a shifted a foreach s

Fact Any Flu module is isomorphic to

Flu g Flu un summandmightbegradingshifted

freepart
Ensionpate

It i
Torsion

If
Exercise 1 Provethis thinkofsimilarthinforabelian

gps
Fact If Y is a QHs then HFLts has exactly one nontorsion tower foreach s

Def Heredlys torsion partof HFCys

Def A Qts is an L space if HE.edus o foreach s
willseethis is
equivalenttoprevdef

Aside involving cobordisms

Def For simplicity let Y bea 1453

dy gradingoftopof the Unontarsiontower in HF Y
TheCos If y bounds a vedefinitemfldthen d4 0

we definitemild then do so
IAB then Oct o

ThyLos dly Y da de
n

cobordismmay

Let W be a cobordism from y to y Ffl



Each spin structure s on W gives a map

F
Wis HF Ysty Hf ya s HY H wit HE

Fw is Flu linear Fws u x U E x

Fact Fms sees basic properties of W

1 Fuss does not preservegrading ingeneral but has a homogenous grading shift

alstg ots
Aws

2 If W is negativedefinite then Fms takes unontorsion elements to Unontorsion elements
inparticular Fus of a Unontorsionelement is o

Incise 2 Provethat if Y and I are homology cobondant then d4 dce
Note that it w is a homology cob then it has onlyonespinstructure andsus o


