
 
Lecture 3 Defining HF

The situation so far

Let Y be a 3mfld and Ig 2,15 be a Heegaanddiagram for Y
I n Tp a sym2zg

Consider
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I tee
Def A Whitneydish from I to T iteats is a continuous map

0 D symag

Oti I andOci T
2 0 rr T and0 re Tp
Let TCIT betheset of homotopyclasses of disks from Ito I

To define 2 we will need two additional piecesof information

1 Wemaygive SymtEg a complex structure

Slight lieActually it is an almost complexstructure

note Vz is2 Choose

any
point Z E Eg Go 044131001382 disjoint fromTaTpV Sz xSyms Eg c symteg

This is a codimension 2 submfld of SymHg Wecall z a choiceof faint

Def A holomorphic Whitney dish front toy is a Whitney disk
0 D's SyndEg which is holomorphic

Def Forany homotopy class I e T.CIJ define

Nz E alg intersection of I w Nz



Slogan 2 counts holomorphic Whitneydisks in Sym42g

MCI Oe I sit O is holomorphic

iii iiiFact Under suitablegenericityconditions this is a
ntia id

Note thatMCI has an IRaction

IRactsby reparameterizing thedomain keeping Ii fixed

Wecan now finallydefine2 on Ct span Totp

Def 25 I MER T extend linearly

TeTant
Eethat st
i nad oand this in a moment2 dinME 1
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1 2 is adifferentialon CI
2 The chain homotopy typeof E J is independent of all choices if sufficientlygeneric
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We now define CF

CF span Init
foreachelement in Tat
introduce an cultowerofgenerators

J I I MEHR u y extendFlu linearly

TeTanit
get.cat sit
dinME I
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H

genbyatc genbyatac

Fca inallcases
Jenbydate

What would be a moreinteresting complex

EI Ce spanaylab c
2 a o

a b homology is

2b o IFL IF

Jc Ub

How to thinkabout CF complexes

In fact we have a structure theoremfor complexes over u

F Y Y
anycomplexover a I

a Yis homotopyequiv to 1 t

r
Hate that paired generators 2zi Uycycles

torsiontowersinhomology
nontorsion towersin
homology

I may beobtainedfrom CE by setting 4 0



Relativefadingsandthe reasonfor 2 sketch

Given I and I how would we define the relativegrading
btw I and Y
Assume I and I are in the samespine structure thereis an expecteddimension

of holomorphicdisksfrom I to T usingtheAtiyah Singer index formula
Or is there

Problems if g 2 then in fact therewill bemany homotopy classes of disk

from I to T andeach will have a differentexpected holomorphicdimension

Recall Sym 2 TT QP Moregenerally can show

Ta Synt Eg Hzsym2Eg

gen synergy

Exercise 3 Convince yourself that

expdim E 5 expdim E 2

This seems bad we can't just definetherelativegrading

by calculating the expected dimension Although weget
a 2 2 grading

keyobservation These different moduli spaces will have

different nz values Can showthat K ZxSyms Eg
has intersection I w thegenerator of Tz Sym9zg



We use the condition uz o to pick one of
these to define the relative grading


