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Abstract

A maximum likelihood estimation (MLE) method of high density regions in spatial point
processes is introduced. The method is motivated from a network #ow approach for #exibly
incorporating geometric restrictions in computing the MLEs. An easy-to-implement computational
algorithm having a low order of complexity is provided. Simulation studies show that it performs
very well in many di6cult situations, and reaches the global optimality. Two real data sets
illustrate the applicability of the proposed method.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Finding high concentration (or density) regions (HCRs) in spatial point processes
is of interest in many applications, including data mining. The following brie#y show
two examples: (1) detection of mine%eld based on aerial observations (e.g., Allard and
Fraley, 1997), and (2) analysis of seismic data in North California (e.g., Dasgupta and
Raftery, l998). Several image segmentation problems are also connected to this topic.
See Geiger et al. (1995) and Jermyn and Ishikawa (1999) for examples.

In the HCR literature, Silverman (1986) introduced a method of %nding a high
density region based on a combination of density estimation and thresholding. Dasgupta
and Raftery (1998) proposed a model-based method with illustrations of several data
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sets. Some other methods include Voronoi-tesselation based method by Allard and
Fraley (1997), and a K-nearest-neighbor (K-NN) approach by Byers and Raftery (1998).
Picard and Bar-Hen (2000) reported a comparison study of several existing methods.
Allard and Fraley (1997) connects the search of HCRs to the maximum likelihood
estimation (MLE). The last work is insightful; because the MLE has many known
optimal statistical properties.

This paper introduces an alternative approach based on designing a digraph for the
observed data. This digraph will facilitate a search of cycles to optimize an objective
function that is equivalent to the one in the MLE. This eventually renders a method to
%nd the HCRs that satisfy given geometric constraints. Our method presents the search
of the HCR, MLE, and contour of an envelope (see Section 2 for de%nitions) in a
uni%ed framework. Comparing with existing methods, our method has the following
three advantages:

(1) Ability of 2exibly incorporating geometric conditions on the regions. This will be
done through de%ning the connectivity of the digraph. See Section 2 for details.

(2) Fast algorithm. The worst-case order-of-complexity is shown to be O(n3), which
is at worst a polynomial time algorithm.

(3) Generalization to solving several related problems. In this paper, we focused on
solving the MLE problem. Our method can be generalized to solve other related
problems. See Sections 2 and 4 for examples.

The main idea of our method comes from the network #ow approach, which is
used widely in the operations research (OR) community, e.g., Ahuja et al. (1993).
By revisiting the data taken from the literature, our studies show a great potential
of applying the network #ow approach to solve a di6cult data mining problem of
locating the HCR. Section 2 motivates the study by formulating the equivalence of
three related problems; all of them are solvable by the proposed method. Section 3
describes an easy-to-implement algorithm. Numerical studies are reported in Section 4.
Section 5 concludes this article and discusses some future work.

2. Problem formulation

2.1. Motivation—three related problems

Our method is motivated from solving the following three related problems:

(1) %nding the envelope, which is the contour of a probability density function,
(2) locating the high concentration region (HCR), and
(3) computing the MLE of a high concentration region.

The notations envelope, HCR and MLE will be used to refer to these three problems,
respectively.

Consider a spatial point process with data occurring as “points” in a Euclidean space.
To simplify the description, this article will focus on the two-dimensional case, in which
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data are described as points having Cartesian coordinates (xi; yi); i= 1; 2; : : : ; N , where
N is the total number of observations. The probability density function (p.d.f.) of this
point process is denoted by f(x; y). The probability of having an observation in region
A is P{A}=

∫
A f(x; y) dx dy.

(1) Envelope. Picard and Bar-Hen (2000) studied the following problem in their data
analysis problem. For a given �,

max
c

c

s:t: P{A(c)}¿ 1− �;
(2.1)

where A(c) = {(x; y) :f(x; y)¿c}, and P{A(c)} is de%ned as the probability of
having an observation in A(c). If f(x; y) is a continuous function, then the bound-
ary of A (denoted by @A) is a closed curve, or a set of non-intersecting closed
curves. The @A is called an envelope, which also is a contour.

(2) High concentration region (HCR). A high concentration region is a subspace that
has “high probability” of containing these points. We study the following problem:
for a given �,

min
A

|A|

s:t: P{A}¿ 1− �;
(2.2)

where |A|= ∫
A 1 dx dy is the area of the region A.

(3) Maximum likelihood estimate (MLE). Allard and Fraley (1997) studied the fol-
lowing problem in estimating features in a spatial point process:

max
A

(
P{A} ln

P{A}
|A| + (1− P{A}) ln

1− P{A}
|�| − |A|

)
; (2.3)

where � and |�| denote the entire domain of f and its size. When the underlying
density function is a mixture of two uniform distributions, the solution to the above
optimization problem gives the MLE of region A.

2.2. Equivalence between envelope and HCR

Among all regions whose probability mass is no less than 1 − �, the “high con-
centration” region has the smallest size. Based on the idea of Neyman-Pearson (e.g.,
Lehmann, 1986, p. 72), in the region where the objective function in (2.2) is mini-
mized, the p.d.f. f must have large value; on the other hand, if f has large value,
it must be in the solution of (2.2). This implies that in searching for the HCR, one
can %nd the largest c such that P{A(c)}¿ 1− �. The envelope @A will then encircle
a region that has the highest concentration of probability mass.

2.3. “Equivalence” between HCR and MLE

By establishing the connection between the HCR and MLE, the solution to HCR
provides a way to progressively locate the MLE. Without loss of generality, we assume
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Fig. 1. An example of function g.

|�|= 1. Let g(�) denote the optimal value of HCR in (2.2):

g(�) = min
A

|A|

s:t: P{A}¿ �:

The diNerence between this equation and Eq. (2.2) is that an equality condition is
added to make sure that the function g(·) is well-de%ned. The following summarizes
a few key properties of g(·):

(1) g(0) = 0:
(2) g(1)6 1, from the fact that |�|= 1.
(3) The function g(�) is non-decreasing.

Fig. 1 provides an illustration of a possible function g with respect to coordinates,
P{·}= � and g(�)= | · |. De%ne a feasible region as a set on Fig. 1 that contains all the
possible points of (P{A}; |A|) for all regions A’s. The curve given by (x; g(x)) forms
the lower boundary of the feasible region. This curve will be called the frontier of the
feasible region.

By using an idea similar to Neyman-Pearson (e.g., Lehmann, 1986, p. 72), it is
possible to prove that g(�)6 �. Since this property is not essential in our approach,
we omit the details. This fact can be observed in Fig. 1 as well.

When |�|= 1, Cover and Thomas (1991) stated that the objective function in (2.3)
is the relative entropy, RE(P{A}; |A|)(or the Kullback–Liebler distance), between two
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Fig. 2. Contour of the relative entropy function RE(P{A}; |A|).

statistical distributions: Bernoulli(P{A}) and Bernoulli(|A|). The function RE(�; �) is
a well-behaved (i.e., smooth) function. Fig. 2 provides a contour of RE(·; ·). The
following states a few properties of the relative entropy.

(1) RE(�; �) = RE(1− �; 1− �). Thus, the function RE(·; ·) is symmetric about point
(1/2,1/2).

(2) RE(P{A}; |A|) is non-negative.
(3) For a %xed value p, RE(p; y) is convex with respect to y, and the minimum point

is at y0 = p. When y “moves” away from p; RE(p; y) increases.
(4) Therefore, the minimum value of RE(·; ·) lies on the diagonal of the unit square,
{(�; �) : 06 �6 1}, where the minimum function value is 0.

(5) If the region A is an MLE, then the point (P{A}; |A|) must be on the frontier
determined by the function g. Hence, A is a solution to an HCR problem.

The %rst sentence of Item (5) is true. Because if the point (P{A}; |A|) is not on the
frontier, then there exists a region A′ such that

P{A}= P{A′} and |A|¿ |A′|:
The pair (P{A′}; |A′|) will give a larger likelihood, which indicates that region A cannot
be the MLE. The second sentence of Item (5) will become evident after we reviewing
the idea of Lagrange Multiplier in Section 2.5.
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Note that Item (5) leads to a way of solving MLE. That is, by solving a sequence
of HCRs, the curve (x; g(x)) can be progressively approximated. Therefore the MLE
is the region A such that x0 = P{A}, and x0 maximizes RE(x; g(x)). The next section
will provide more details.

2.4. Solving MLE via HCR

The solution to MLE can be obtained via the following algorithm, which is based
on a comprehensive search of HCR.

Algorithm I
Initialize: � = 1=2; cnt: = 1; opt: = 0.
while continue condition is satis%ed,

for i = 1 : 2 : (2 ∗ cnt:− 1), (i.e., i takes only odd numbers:1; 3; : : :)
compute g(i�);
if max RE(i�; g(i�))¿ opt.,

store solution A that is associated with g(i�);
update opt:: opt:← max RE(i�; g(i�));

end;
end;
update � and cnt:: �← �=2; cnt:← 2 ∗ cnt:;

end.

Note that this algorithm is equivalent to sampling the frontier (g(x)), with a sampling
rate of �=1=(2k), where k is a natural number. Thus, the Algorithm I is computationally
intensive, even though in theory, it is doable. In practice, it is not easy to apply this
algorithm to solve the problem in (2.2). Hence, in the next subsection we study a
variation based on Lagrange Multipliers.

2.5. Lagrange multiplier approach to solve HCR

Our method will solve the following sequence of problems: for a given �¿ 0, �∈R,

min
A
|A| − �P{A}: (2.4)

The parameter � will be chosen in the algorithm. Because problem (2.4) is an unre-
stricted optimization problem, solving problem in (2.4) is much easier than solving the
problem in (2.2). The following observations will ensure that by solving a sequence
of the above problems, the solution to MLE can be found:

(1) For a %xed �, when A(�) is the solution to the problem in (2.4), the line

y − �x = |A(�)| − �P{A(�)} (2.5)

on the plane (x; y) is a tangent line of the feasible region formed by all possible
points (P{A}; |A|). The point— (P{A(�)}, |A(�)|)—is a tangent point.
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Fig. 3. An illustration of the idea of Lagrange Multiplier. When the � varies, the slope of the parallel lines
varies.

(2) Consider the convex hull of the feasible region, i.e., {(x; y) : y¿ g(x); 06 x6 1}.
A line in (2.5) is also a tangent line of this convex hull.

(3) It can be easily veri%ed that the contour of RE(x; y) is a convex function in the
unit square. Hence, the MLE that maximizes the relative entropy must be one of
the tangent point in (2.5) with an appropriate �.

(4) Based on all of the above observations, one can obtain the MLE by solving a
sequence of problems as in (2.4).

The above observations follow closely the spirit of Lagrange multiplier. We have
explained earlier that the MLE is achieved if and only if the pair (P{A}; |A|) is on
the frontier of the feasible region. Moreover, by following the same argument, one can
conclude that the MLE must be on the convex hull of the feasible region. To determine
the boundary of the convex hull of the feasible region, a Lagrange Multiplier approach
is adopted. We consider a set of parallel lines given by y − �x = C, where C is a
constant. If we minimize the value of the function y − �x in the feasible region, the
minimizer will render a tangent line from this set and a tangent point, as illustrated in
Fig. 3. The value of � is the slope of this set of parallel lines. By choosing diNerent
values of the slope �, one can explore the boundary of the convex hull of the feasible
region. Eventually, the MLE can be computed.

If the function g(x) is convex, then the solution to the problem in (2.4) is also the
solution to the problem in (2.2) with � = 1− P{A(�)}. Hence with appropriate choice
of �, we can solve the problem HCR. On the other hand, if g(x) is not convex, then
there is no guarantee that the HCR can be solved by repeatedly solving the problems
as in (2.4). Hence, to be more precise about the relationship between the HCR and
MLE, we can consider the MLE a special case of the HCR.

In theory, by taking a large number of values of parameter �, one can solve the
problem of MLE within any given precision. The following subsection provides an
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algorithm, based on solving a sequence of problems in (2.4) to %nd the MLE. Section 3
uses a network #ow approach to implement this algorithm.

2.6. MLE solution

Algorithm II
Choose K , e.g., K = 7.
Let a0 be a small fraction, e.g., a0 = 0:001 and aK be a large integer,
e.g., aK = 1000.
Let continue=“yes”.
Compute A(a0) and A(aK) as solutions to the problem in (2.4) when � = a0

and � = aK , respectively.
while continue = “yes”,
for i = 1 : K − 1,

Assign ai = a0( aK
a0

)i=K .
compute A(ai);

end
Let

a∗ = argminai ;i=0;1;:::;K RE(P{A(ai)}; |A(ai)|).
Determine k1 ¡k2, such that for any �¡ak1 or �¿ak2 , we have

RE(P{A(�)}; |A(�)|)¿RE(P{A(a∗)}; |A(a∗)|).
The above is due to the fact that |A| − aiP{A}= |A(ai)| − aiP{A(ai)},
i = 0; 1; 2; : : : ; K are tangent lines of the feasible region.
Update a0 and aK : a0 ← ak1 and aK ← ak2 .
If

|P{A(aK)} − P{A(a0)}|¡",
then continue = “no”.

end.
Result: current A(a∗) is an approximate to the MLE.

Let A(a(0)) be the true MLE, then the above algorithm guarantees that

|P{A(a(0))} − P{A(a∗)}|¡":

Hence, one can approximate the MLE within any given precision. Note that in the
above, we only guarantee that the region A(a∗) generates a likelihood function that
is large enough to be close to the maximum likelihood. We have not guaranteed
that region A(a∗) is close to A(a(0)). To link A(a∗) with A(a(0)), we need to impose
some distributional conditions on the probability density function, which is going to be
heavily involved and is beyond the scope of the present paper. We will leave detailed
discussion on this as future works.
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3. Main approach: a network "ow algorithm

This section proposes a network #ow approach to solve the problem in (2.4). A
digraph consists of several directional edges connecting a pair of vertices (e.g., data
points) in a spatial point process (see Fig. 3 for an example). A cycle in a digraph is
a chain of edges that returns to its origin. This section will establish an equivalence
between a cycle on the digraph and a polygonal region in the domain of the point
process. A propagating method is used to %nd the minimum cost cycle, which corre-
sponds to %nding a “minimum size” region A, and consequently solves the problem in
(2.4).

This section is organized as follows. In Section 3.1, a link between the formulation
in the continuous case and a point process is established. In Section 3.2, we provide
the de%nition of a digraph. In Section 3.3, we establish the link between the objective
function in Eq. (2.4) and the cost function that is associated with a cycle in a digraph.
In Section 3.4, a “fast-algorithm” with an order of complexity no higher than O(n3) is
presented. Finally, some complexity analysis is provided in Section 3.5.

3.1. Preliminary

This section discusses how to apply the network #ow method for point processes.
For a point process, P{A} is replaced by the empirical probability, which by de%nition
is the percentage of observed points that are in region A. The percentage of points is
also called the empirical probability associated with region A, and is denoted by P̃{A}.
The problem in (2.4) becomes

min
A

|A| − � · P̃{A}: (3.6)

The solution to the problem in (3.6) is not well-de%ned unless there are some restric-
tions on the region A. For example, if region A can have arbitrary shape, one can
always put a tiny circle around each observed data point, so that the total area |A|
is nearly equal to zero and the empirical probability P̃{A} is almost one. Then, the
optimal solution in (3.6) is achieved. But such a solution is of little practical use.
In our approach, we limit our solution, A, to be a polygon. This polygon is single
connected—the boundary does not intersect with itself—and possibly star shaped. The
vertices of this polygon are a subset of the observed points. More geometric restric-
tions can be added on the solution to include expert’s knowledge. For example, one can
assume that there is an interior point (denoted by O) inside this polygon; the region is
star shaped: when any vertex (denoted by V ) on the polygon, the line segment OV is
inside this polygon. To prevent the polygon from being too irregular, for an edge AB
on this polygon, one can impose a lower bound on the angle: “AOB¿ &=k, where
k ¿ 0 is a given constant. Obviously, “AOB6 &.

3.2. A digraph

The key objective of constructing a digraph is to create a cycle in the digraph, such
that the region associated with the MLE corresponds to this cycle. De%ne meaningful
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Fig. 4. An illustration of a #ow around point (1=2; 1=2).

data points as the vertices of edges formed from a subset of observed data points. The
construction consists of two steps:

(1) Specify a set of meaningful data points based on the “geometric restriction” of a
digraph linking to the HCR;

(2) Follow directions of these edges to determine which pairs of vertices are connected
by directional edges, making sure that one of the cycles in this digraph corresponds
to the HCR.

An illustration of such a digraph with a subset of directional edges is given in Fig. 4.
Consider a point process in the unit square: [0; 1]×[0; 1]. Assume that the only condition
for the HCR is that it must include the center point (1=2; 1=2). The meaningful data
points can be all the observed data points that are diNerent from (1=2; 1=2). If and only
if the vector ãb goes anticlockwise around the point (1=2; 1=2), there is an edge linking
data points a to b.

Note that under diNerent geometric restrictions, the shape of the cycle can be diNer-
ent. For example, if the “anticlockwise” is the only restriction, any star shaped region
with a common center (1=2; 1=2) will be allowed. If the smoothness of the boundary
of a region is needed, the curvature between two connecting edges (an in-edge and
an out-edge at the same vertex) should be bounded. These conditions can make a big
diNerence in the estimation results in practice. Section 4 will provide more discussion
on this subject.
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To facilitate the search for the minimum cost cycle, the meaningful data points are
ordered. For example, in the above case, the meaningful points can be sorted by the
angles of vectors starting from the central point and ending at the meaningful points.
The purpose of this ordering becomes more evident when we describe a propagating
algorithm in Section 3.4.

3.3. Network 2ow

Suppose (xi; yi) and (xj; yj) are the coordinates of the starting and ending vertices
of an edge, respectively. Without loss of generality, consider the edge neither vertical
nor horizontal. De%ne a trapezoid T determined by the points

(xi; yi); (xj; yj); (0; yj); and (0; yi):

Let |T | be the area of T , and P{T} the probability mass P{T}=∫
T f in this trapezoid,

where f is the p.d.f. Denoted by fi→j the cost function assigned to this edge. The
absolute value of fi→j is equal to |T | − �P{T}, and its sign is negative if yi ¿yj

(edge going down), and positive if yi ¡yj (edge going up). Note that the value of
fi→j depends on �, which is the same parameter as in (2.4).

Let us discuss the one-to-one mapping between the polygons in the domain of the
point process and cycles in the digraph. Suppose vertices v1; v2; : : : ; vn form a cycle in
the digraph: v1 → v2 → · · · → vn → v1. Let R be the polygon associated with this
cycle. Fig. 4 provides an illustration of such a polygon with n = 7 vertices. It can be
easily veri%ed that

n−1∑
i=1

fi→(i+1) + fn→1 = |R| − �P{R}:

Note that the right-hand side of the above equation is exactly the objective function
in (2.4). Hence to solve the problem in (2.4), one only needs to %nd the cycle in
the digraph that minimizes the overall cost of all possible cycles. Many branches of
science have used similar ideas in solving their problems. As an example, see Geiger
et al. (1995) and Jermyn and Ishikawa (1999) in segmenting medical images (Fig. 5).

3.4. A propagation algorithm

Finding the minimum cost cycle is a well-studied problem in operations research, cf.
Ahuja et al. (1993). Other references are in the dynamic programming literature, e.g.,
the “label correcting algorithms” as in Bertsekas (1995). In this section, we present
an algorithm that is based on a propagating method. This method can be easily imple-
mented in a digraph. Note that these algorithms all have the same order of complexity
(in the worst case scenario). See Section 4.3 for details about the complexity.

Suppose v1; v2; : : : ; vN are the ordered vertices in the digraph, where N is the total
number of vertices. We can construct an N by 2N table (see Table 1) such that when
i¡ j6N , the entry (i; j) is the cost (denoted by d(i; j)) of the minimum cost path
going from vi to vj; when i6N ¡j6 2N , the entry (i; j) is the cost (denoted by
d(i; j − N )) of the minimum cost path going from vi to vj−N .



44 X. Huo, J.-C. Lu /Computational Statistics & Data Analysis 46 (2004) 33–56

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

v
1

v
2

v
3

v
4

v
5

v
6

v
7

R

Fig. 5. Polygon R circumvented by edges.

Table 1
The minimum “distance” table for meaningful data points

v1 v2 v3 · · · vN v1 v2 v3 · · · vN

v1 — d(1; 2) d(1; 3) d(1; N ) d(1; 1) — — —
v2 — — d(2; 3) d(2; N ) d(2; 1) d(2; 2) — —
v3 — — — d(3; N ) d(3; 1) d(3; 2) d(3; 3) —
...

. . .
...

...
...

. . .
...

vN — — — — d(N; 1) d(N; 2) d(N; 3) d(N; N )

Apparently, the minimum value of d(i; i) is associated with the minimum cost cycle.
The entries in the above table can be computed recursively based on a formular that
will be de%ned below: Eq. (3.8). For simplicity, let

d(i; j) = d(i; j − N ); if j¿N:

Then, for i¡ j6 i+N , d(i; j) is the minimum of fi→j and the quantity d̃(i; j) de%ned
below:

d̃(i; j) = min
i¡k¡j

d(i; k) + fk→j;

s:t: there exist edges from vi to vk and vk to vj;
(3.7)
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when k ¿N (or j¿N only), fk→j = f(k−N )→( j−N ) (or fk→( j−N )); similarly, vk or
vj is vk−N or vj−N , if k or j is larger than N . In summary, we have

d(i; j) = min{d̃(i; j); fi→j}: (3.8)

Following the relation in (3.8) and (3.7), all the entries in the above table can be
computed recursively.

3.5. Complexity

Suppose there are N meaningful data points, and it takes O(1) to compute the value
of a fi→j. Since there are at most

(N
2

) � N 2=2 edges in the digraph, it would take no
more than O(N 2) to compute the values of all possible functions fi→j. To generate
the propagation table, from the relationships in (3.8) and (3.7), it would take no more
than O(N ) steps to update each entry. Since there are N 2 entries, it should take no
more than O(N 3) operations to compute all the entries in the above table. Overall,
the complexity of this method is no more than O(N 3). In practice, the computational
complexity could be much lower. The more restrictive the geometric restrictions are, the
less edges there will be. Hence the overall computational complexity could be reduced
dramatically. Under the terminology circular shortest path, researchers have proposed
e6cient exact and approximate algorithms in solving the above problem. We list the
work by Sun and Pallottino (2003) as an example. Providing more computationally
e6cient approaches will be a future research activity.

4. Simulations and real-life examples

This section explores the properties of the proposed method. In Section 4.1, four
examples with synthetic data are described. They demonstrate the eNectiveness of this
approach for diNerent types of underlying regions. Section 4.2 uses two real-life datasets
to address the applicability of the proposed method. In Section 4.3, eNects of wrongly
speci%ed geometric information is illustrated in some numerical experiments. In Section
4.4, experiments with data having a range of degree of noisiness are presented. They
empirically show the stability of the proposed method.

4.1. Synthetic datasets

Four cases illustrated in Fig. 6 are considered. In each case, the points are in the
unit square, [0; 1]× [0; 1].

In the %rst example, a subsquare [0:4; 0:6]×[0:4; 0:6] contains 20% of the data points.
The subsquare forms a HCR, as we can see in Fig. 7(a). In this case, the geometric
constraint is that the solution must be a polygon, which includes the interior point
(0.5,0.5) and its boundary going anticlockwise around the interior point.

After taking diNerent values of �, solutions to the problem in (2.4) are drawn in
Fig. 7(b), with the values of � in the parentheses. In Fig. 7(c), the tangent lines given
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Fig. 6. Four types of regions.

by (2.5) are drawn, together with the contour of the relative entropy function RE(·; ·)
in dotted lines.

In Fig. 7(c), one can see that the fourth and %fth solutions approximately provide
the maximum value of the likelihood function. In Fig. 7(b), one can verify that the
fourth and %fth polygons are the closest to the underlying subsquare, which is bounded
by the relatively straight red lines.

In Fig. 7(d), the MLEs in nine repetitions with independently generated point pro-
cesses are provided. The MLEs are computed according to Algorithm II. It shows that
in this case, the MLE is a fairly good method of estimating the underlying HCR.

In the %rst set of examples, a regular shaped region—a square—is studied.
In the next set of examples, to explore whether the shape of the region will in2uence

the estimate, we consider an elongated rectangle. In Fig. 8(a), the rectangle [0:4; 0:6]×
[0:1; 0:9] contains 20% of the data points. The geometric restrictions for the underlying
HCR remain the same as in the %rst example. In Fig. 8(b), solutions associated with
a range of �’s are drawn. Again, the fourth and %fth solutions are the closest to
the underlying rectangle. From Fig. 8(c), one can see how the MLE could be found.
Fig. 8(b) is generated by the same method as Fig. 7(b). The Fig. 8(d) provides several
MLEs from repeatedly generating independent point processes. In summary, the second
set of experiments shows that deformation of the underlying region does not destroy
the consistency of the MLE.
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Fig. 7. Simulation on a square in the middle.

In the above two experiments, the underlying high concentration regions are convex.
Our method can deal with non-convex regions as well. For example, the HCR in the
point process in Fig. 9(a) is a cross with the vertical rectangle given by 0:46 x6 0:6
and 0:16y6 0:9, and the horizontal rectangle is a 90 degree rotation with respect
to the point (0.5,0.5), which is also the center of the vertical rectangle. This region
contains 50% of the data points. Although it is not convex, it is still star shaped. The
same geometric restrictions as in the previous two examples are imposed. Hence, the
numerical algorithm is exactly the same as used in the previous two cases. Via a visual
inspection of Fig. 9(c), the %fth solution nearly gives the MLE. Note that in Fig. 9(b),
both the %fth and the sixth solutions are very close to the underlying region. Similar
to what has been done earlier, in Fig. 9(d), we provide some examples of MLEs for
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Fig. 8. A high rectangle.

independently generated point processes. It again shows the eNectiveness of our method
in locating the MLE.

In all the above three examples, the underlying objects are star shaped. Namely, there
exists an interior point, from which all points on the boundary are visible. In Fig. 10(a),
we have an irregular shaped HCR, which is a region enclosed by two trigonometric
curves. The region is not star shaped. To utilize the network #ow approach, one %rst
needs to specify two points, e.g., (0.3,0.8) and (0.7,0.2). Then, specify a #ow going
anticlockwise around the line segment connecting these two points. Note that there is
no longer a center point. Following the same framework, the solutions associated with
a range of values of � is given in Fig. 10(b). In Fig. 10(c), one can observe that the
%fth solution is close to the MLE. As been done earlier, several MLEs in this setting
are shown in Fig. 10(d). It is again shown that the MLE performs very well.
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Fig. 9. A non-convex object: a cross.

4.2. “Real-life” examples

This section examines how well our approach works for two data sets that have
been used in the literature. We %rst study a tree data that is taken at Paracou site and
is studied in Picard and Bar-Hen (2000). A normalized version (inside the unit square
[0; 1] × [0; 1]) is shown in Fig. 11(a), where the horizontal axis is the tree diameter,
and the vertical axis is the annual diameter increment. There are 7357 data points as
of that many trees. The second data set contains the earthquake locations in California.
This data set has been studied in a sequence of papers, see Allard and Fraley (1997),
Byers and Raftery (1998), and Dasgupta and Raftery (1998). The pattern in this data
should be closely related to the geological structures. A normalized version of this
data is shown in Fig. 12(a). Our intension is to use these two examples to show the
applicability of our algorithm. It is not the authors’ intention to carry out this part
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Fig. 10. An irregular shape.

as a thorough data analysis project. Due to this, it is not argued that our method is
the “best” method to be used. We will not intensively engage in model interpretation
either.

4.2.1. Paracou forest data
In Fig. 11(b), polygons associated with diNerent �’s are drawn. In determining the

network #ow, the point (0:1; 0:1) is chosen as the interior point. In fact, in determining
the “meaningful data points,” the points that are too close to point (0:1; 0:1) has little
chance to be on the boundary of a polygon. Thus, they are excluded. By doing so, the
problem size is much reduced. In Fig. 11(c), the straight lines outline the shape of the
function g(�). Hence, the approximate solution to problem envelope can be “read-oN”
from this %gure. The MLE in this case is provided in Fig. 11(d).
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Fig. 11. The Cirad-foreêt, Paracou data set.

4.2.2. Earthquake positions
Because there are apparently multiple disconnected and irregular-shaped clusters, this

data set is very di6cult to analyze. To simplify the study, this section %nds the HCR
by imposing the following assumption: the estimate of the HCR is a single-connected
polygon that includes the interior point (0:7631; 0:4), which is picked by visual inspec-
tion of the Fig. 12(a).

The tangent lines (in solid straight lines) and the contour of the likelihood function
(in dotted lines) are drawn in Fig. 12(c). This set of estimates provide information on
the concentration of the positions of the earthquake. The MLE is shown in Fig. 12(d).

Since the underlying features should be highly linear due to the existing geological
structures, and our assumption that the estimates are polygons, our estimates do not
show the underlying features that well. But, it helps to identify the main concentrated
region in the point process. This is helpful in choosing which methods should be used
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Fig. 12. Earthquake position data.

in the next steps. It would be very interesting to design a multiple-#ow method to
extract multiple clusters in a point process. We leave this to a future research project.

As pointed out by an anonymous referee, the directional linear features are the most
signi%cant feature in this data set. Due to this, a method that is designed for line
features could be more ideal to analyze this data. As stated earlier, our intention is to
show the applicability of the network #ow approach. There is no implication that our
MLE gives the most desirable estimate. Which estimates to choose always depends on
the context of the applications.

4.3. EAects of wrongly speciBed conditions

Recall that in the network #ow approach, the center(s) and the boundary condi-
tion of the underlying region need to be speci%ed in advance. How wrongly speci%ed



X. Huo, J.-C. Lu /Computational Statistics & Data Analysis 46 (2004) 33–56 53

(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

Fig. 13. Nine computational studies when the geometric information of the underlying region is wrongly
speci%ed. The blue curves is the MLE. The red (double sine) curves are the boundary of the true underlying
region.

information will aNect the output of the proposed algorithm? A thorough study can be
done by utilizing the tools that have been developed in mathematical statistics. In this
paper, some simulation studies are reported to illustrate this eNect. We postpone the
theoretical analysis for future publications.

In Fig. 13, the point clouds have the same distribution as the ones that are used in
Fig. 10. However, in the algorithm, the underlying region is assumed to be centered
at (0:5; 0:5) and is star-shaped.

In the nine simulations, the MLE’s are signi%cantly diNerent from the underlying
region. This demonstrates that the conditions that are made for the underlying region
do play a critical role, which is expected.

4.4. EAect of the relative density in the high concentration region

It is essential to study how the relative density of a high concentration region will
aNect the result of our network #ow algorithm. Intuitively, if the density within the
high concentration region is not signi%cantly higher than the density outside, the MLEs
should appear relatively random. To study this problem, the following experiment is
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conducted. In Fig. 14, the point processes have the following density function:

f(x) =

{
1− � + 25

4 � if x∈ [0:4; 0:6]× [0:1; 0:9];

1− � otherwise:
(4.9)

In Fig. 14, each row corresponds to one value of �. The values of � are (from top to
bottom) �= 0:05; 0:10; 0:15; 0:20, and 0.25. The %rst %gure of each row is a realization
of this point process. The rest %ve %gures are the results of the network #ow algorithm,
for %ve independently generated point processes. It is observed that when the value of
� is small, the relative density of the HCR is small, hence the HCR is less observable
in the generated point process, and the MLEs may deviate signi%cantly from the HCR.
On the other hand, when the relative density is high, the HCR becomes more visible,
and the MLEs are closer to the underlying HCR. Analytical analysis on the relation
between the relative density and the MLE will be carried out in the future.
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4.5. Miscellaneous topics

Miscellaneous topics are presented in this section. In Section 4.5.1, some future
experiments and analysis are listed. In Section 4.5.2, we emphasize the #exibility of
our approach. In Section 4.5.3, the computer running time is reported.

4.5.1. Discussion
In the current approach, prior knowledge on the underlying region is required. We

have studied some techniques, such as using density estimation as a pre-processing step,
to estimate the center of a high concentration region. It will be interesting to design an
iterative approach—between the center estimation and the likelihood maximization—
to integrate our proposed approach and the acquisition of the prior knowledge. In
numerical studies, it will also be interesting to study the scenarios, under which the
underlying distribution is not mixed Uniform distribution.

4.5.2. Flexibility of our approach
The framework in our method is very #exible. For diNerent geometric restrictions,

diNerent types of #ow can be designed. Then, the rest of the steps will be the same.
In principle, we can solve problems with arbitrary shapes. In this article, only the
assumption of single-connectedness is imposed.

4.5.3. Computing time
The above algorithms are implemented in MATLAB. Because MATLAB is an inter-

preting computer language, its execution is expected to be slower than a precompiled
function, such as a function in C or Fortran. In most of the above cases, it took about
30 s to solve each optimization problem on a SGI Octane workstation with a 300 MHz
processor. This demonstrates that since the algorithm has low complexity, it does not
require “low-level” software implementation, which can be very time consuming. Thus,
the proposed method is computationally e6cient, and has the potential of solving prob-
lem with large number of observations. We have dealt with thousands of data in several
examples that were illustrated above. Considering the MATLAB based implementation,
this is de%nitely not the limit of the proposed method.

5. Conclusion and discussion

This article proposes a new method that can solve three types of problems that
are associated with the high-density region. Our approach is the %rst of this kind of
searching for the polygons that precisely optimize a global objective function. Numer-
ical studies with examples that are taken in the literature demonstrate the eNectiveness
of our approach. The method is #exible to accommodate various restrictions (e.g.,
non-convexity) on the shapes of the high density regions, and it %nds the global opti-
mal estimate with fast and easily implementable algorithms.

It is easy to incorporate other information of the point process into our method.
One only needs to change the de%nition of the cost function associated with each edge
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in the digraph. This is useful in the example with California earthquake positions,
due to the fact that the magnitude of earthquakes may be correlated to the geological
structures. Future work will present more theoretical analysis of the MLE by giving
a better description of its limiting behavior. Studying the possibility of using multiple
#ows to deal with non-single-connected region is very interesting.
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