
Chapter 6
Wavelet-Based Profile Monitoring Using
Order-Thresholding Recursive CUSUM
Schemes

Ruizhi Zhang, Yajun Mei, and Jianjun Shi

6.1 Introduction

With the rapid development of advanced sensing technologies, rich and complex
real-time profile or curve data are available in many processes in biomedical
sciences, manufacturing, and engineering. For instance, physiologic monitoring
systems generated real-time profile conditions of a patient in intensive care units. In
modern manufacturing, profile data are generated to provide valuable information
about the quality or reliability performance of the process or product. In these
applications, it is often desirable to utilize the observed profile data to develop
efficient methodologies for process monitoring and fault diagnosing.

A concrete motivating example of profile data in this article is from a progressive
forming process with five die stations including preforming, blanking, initial
forming, forming, and trimming, see Fig. 6.1 for illustration. Ideally, when the
process is in control, a work piece should pass through these five stations. However,
a missing part problem, which means that the work piece is not settled in the
right die station but is conveyed to the downstream stations, may occur in this
process (Lei et al. 2010; Zhou et al. 2016). Such a fault often leads to unfinished
or nonconforming products and/or severe die damage. The tonnage signal measured
by the press tonnage sensor, which is the summation of all stamping forces, contains
rich process information of forming operations and widely used for monitoring
the forming process. Figure 6.2 shows the tonnage profiles collected under normal
condition and five faulty conditions corresponding to missing operations occurring
in each of the five die stations. It is clear from the figure that each profile is
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Fig. 6.1 Illustration of a progressive forming process

highly nonlinear, since the observed forces at different segments correspond to
different stages of the operation within one production cycle. In addition, the
difference between normal profiles and fault profiles is also nonlinear. For some
particular faults, i.e., Fault 4, profiles are quite overlapping with the normal profiles.
Under a high-production rate environment, it is highly desirable but challenging to
effectively online monitor these profiles and detect those different types of unknown
but subtle changes quickly.

In the profile monitoring literature, much research has been done for monitoring
linear profiles, see, for example, Kang and Albin (2000), Chang and Gan (2006),
Zou et al. (2007b,a), Kazemzadeh et al. (2008). However, in many real-world
applications including those profiles in Fig. 6.2, the form of the profile data is too
complicated to be expressed as a linear or parametric function. Several nonlinear
profile monitoring procedures have been developed in the literature based on
nonparametric regression techniques such as smoothing splines (Gardner et al.
1997; Chang and Yadama 2010), Fourier analysis (Chen and Nembhard 2011),
local kernel regression (Qiu et al. 2010; Zou et al. 2009), and functional principal
component analysis (FPCA) (Hall et al. 2001; Paynabar et al. 2016). However all
these approaches tend to monitor a smooth, in-control profile, and thus may loss
information about local structures such as jumps or cusps. Moreover, all these
approaches are based on monitoring the changes of selected model coefficients,
while it will be difficult to interpret their meanings back to the original profiles.
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Fig. 6.2 Six profile samples from a forming process: one is in-control, normal sample and the
other five are out-of-control, fault samples

In this article, we propose to monitor nonlinear profiles based on the discrete
wavelet transform (DWT). Besides a useful dimensional reduction tool, wavelet-
based approaches have other advantages: the multi-resolution decomposition of the
wavelets could be useful to locate the anomaly of the profile, and fast computational
algorithms of the DWT are available (Mallat 1989). Indeed, DWT has been applied
to detect and diagnose process faults in the offline context, see Fan (1996) and Jin
and Shi (1999). In the online monitoring context, many existing methods follow
the suggestions of Donoho and Johnstone (1994) to first conduct wavelet shrinkage
for dimension reduction under the in-control state, and then monitor the changes
on the selected wavelet coefficients for the out-of-control state, see Hotelling T 2

control chart (Jeong et al. 2006; Zhou et al. 2006), and the CUSUM-type control
chart (Lee et al. 2012). However, one will lose detection power if the change of
the out-of-control state is on the wavelet coefficients that are not selected under
the in-control state. To illustrate the importance of the out-of-control state on the
wavelet coefficients selection, we provide a simple two-dimensional example in
Fig. 6.3. As can be seen in this figure, the magnitude of wavelet coefficient 2 is
very small compared with wavelet coefficient 1. However, if we just select wavelet
coefficient 1 based on the in-control estimation, it would be difficult to detect the
out-of-control samples since the changes occurred on the wavelet coefficient 2.
To address this issue, it was proposed in Chicken et al. (2009) to use all wavelet
coefficients to conduct a likelihood ratio test. However, as we will show later
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Fig. 6.3 A simulated dataset in the 2-dimensional wavelet domain, where blue circles indicate IC
observations and red stars indicate OC observations. The mean shift is along the second wavelet
coefficient, and the change is undetectable if using the first wavelet coefficient

in the simulation and case study, their methods are based on some asymptotic
approximated likelihood ratio statistics, therefore may lose some detection power
especially when the changed wavelet coefficients are sparse. Moreover, their method
is not scalable and requires a lot of memory to store past observations.

In this paper, we propose to first construct the local adaptive CUSUM statistics
as in Lorden and Pollak (2008) and Liu et al. (2017) for monitoring all wavelet
coefficients by the hard-shrinkage estimation of the mean of in-control coefficients.
Then we use the order-shrinkage to select those wavelet coefficients that are
involved in the change significantly. Thus, from the methodology point of view,
our proposed methodologies are analogous to those offline statistical methods such
as (adaptive) truncation, soft-, hard-, and order-thresholding, see Neyman (1937),
Donoho and Johnstone (1994), Fan and Lin (1998), and Kim et al. (2010). However,
our motivation here is different and our application to profile monitoring is new.

The remainder of this article is as follows. In Sect. 6.2, we present problem for-
mulation and background information of wavelet transform. In Sect. 6.3, we develop
our proposed schemes for online nonlinear profile monitoring. In Sect. 6.4, a case
study about monitoring tonnage signature is presented. In Sect. 6.5, a simulation
study about monitoring the Mallet’s piecewise smooth function is conducted.
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6.2 Problem Formulation and Wavelet Background

In this section, we will first present the mathematical formulation of the profile
monitoring problem based on an additive change point model. Then we give a
brief review of wavelet transformation that will be used for our proposed profile
monitoring procedure.

Assume we obverse p-dimensional profile data, y1, y2, · · · , sequentially from a
process. Each profile yk consists of p coordinates yk(xi), for i = 1, 2, . . . , p, with
xi equispaced over the interval [0, 1], and can be thought of as the realization of a
profile function yk(x). In the profile monitoring problem, we assume that the profile
functions yk(x)’s are from the additive change-point model:

yk(x) =
{

f0(x)+ εk(x), for k = 1, 2, .., ν
f1(x)+ εk(x), for k = ν + 1, . . .

(6.1)

where f0(·) and f1(·) are the mean functions that need be estimated from the data,
and εk(x)’s are the random noise, which are assumed to be normally distributed with
mean 0 that are independent across different time k. The problem is to utilize the
observed profile data yk(xi)’s to detect the unknown change-time ν as quickly as
possible when it occurs.

Since our proposed methods are based on monitoring the coefficients of the
wavelet transformations of yk(x)’s, let us provide a brief review of wavelet
transformation of profile data and discrete wavelet transform (DWT). For any
square-integrable function f (x) on R, it can be written as an (infinite) linear
combinations of wavelet basis functions:

f (x) =
∑

k∈Z
ckj0

φj0k(x)+
∞
∑

j=j0

∑

k∈Z
dkj ψjk(x). (6.2)

Here the sets of two bases, φjk(x)’s and ψjk(x)’s, are known as scaling and wavelet
basis functions, respectively, and are generated from two parent wavelets: one is
the father wavelet φ(x) that characterizes basic wavelet scale, and the other is
the mother wavelet ψ(x) that characterizes basic wavelet shape. Mathematically,
φjk(x) = 2j/2φ(2j x − k) and ψjk(x) = 2j/2ψ(2j x − k), and the decomposed
coefficients ckj0

and dkj are called the scaling and detail coefficients, which represent
the low-frequency and high-frequency components of original function f (x).

The discrete wavelet transform (DWT) is a numeric and fast algorithm to
determine the wavelet coefficients c when the observed data are discrete and dyadic,
i.e., y = (y(x1), y(x2), . . . , y(xp))

T with p a dyadic integer, p = 2J . The
matrix form of DWT is represented as c = Wy, where W is orthonormal wavelet
transformation matrix (Mallat 1999), which depends on the selected orthogonal
wavelet basis. A large families of choices for wavelet basis functions are available
for use, see, for example, Daubechies (1992). Also see Mallat (1999) for an efficient
algorithm to implement DWT. In this article, the Haar transform is chosen as one
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way of DWT because Haar coefficients have an explicit interpretation of the changes
in the profile observations. Also see Jin and Shi (2001) and Zhou et al. (2006) as
examples of applying Haar transform to monitor profile samples.

For the observed p-dimension profile, y = (y(x1), . . . , y(xp)), we consider the
Haar transformation with wavelet basis functions:

φ00(x) = 1, x ∈ [0, 1] (6.3)

ψkm(x) =

⎧

⎪

⎨

⎪

⎩

2
k−1

2 , m−1
2k−1 < x <

m−1/2
2k−1

−2
k−1

2 ,
m−1/2

2k−1 < x < m
2k−1

0, elsewhere

(6.4)

where k represents the scale of Haar transform and m = 1, 2, . . . , 2k−1.
For simplicity, we assume p = 2J (otherwise we can add new extra zero

coordinations to the original profile if needed). When Haar transform is cho-
sen, the wavelet coefficients c = (c(1), c(2), . . . , c(p))T are often written as
(c0

0, c
1
1, c

1
2, c

2
2, . . . , c

1
J , . . . , c

2J−1

J )T , which represent the Haar coefficients for dif-
ferent levels from 0 to J .

For any new observed p-dimension profile, y = (y(x1), . . . , y(xp)), the explicit
expression of these Haar coefficients is given by

c0
0 = 2−

J
2

2J
∑

�=1

y(x�),

cmk = 2
J−k−1

2 {s[(m− 1)2J−k+1 + 1, (m− 1

2
)2J−k+1]

−s[(m− 1

2
)2J−k+1 + 1,m2J−k+1]},

= 2−
J−k+1

2 {
(m− 1

2 )2
J−k+1

∑

�=(m−1)2J−k+1+1

y(x�)−
m2J−k+1
∑

�=(m− 1
2 )2

J−k+1+1

y(x�)} (6.5)

for k = 1, . . . , J ;m = 1, 2, . . . , 2k−1 and s[i, j ] is defined by s[i, j ] =
1

j−i+1

∑j
�=i y(x�). In other words, the Haar coefficient c0

0 is proportional to the
mean of all data and the other coefficients cmk are proportional to the mean difference
of two adjacent intervals of length 2J−k.

6.3 Our Proposed Method

At the high-level, our proposed profile monitoring method is based on monitoring
the mean shifts on wavelet coefficients of nonlinear profiles yk(x)’s. First, we use
the in-control profiles from the historical training data to estimate the pre-change
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distributions of the wavelet coefficients. Second, we construct local monitoring
statistics for each wavelet coefficient by recursively estimating the post-change
mean of the wavelet coefficients. Third, we construct global monitoring procedure
based on the information of the first several largest monitoring statistics.

It is necessary to emphasize that in the literature, wavelets are usually used for
dimension reduction to select significant features and filter out noise (Donoho and
Johnstone 1994). Here our proposed method is constructing efficient monitoring
statistic for each wavelet coefficients and then performs dimension reduction on
the monitoring statistics. There are two technical challenges that need special
attention. The first one is that we do not know which wavelet coefficients will
be affected under the out-of-control state, and the second one is that we do
not know what are the changed magnitudes or the post-change distributions for
those affected wavelet coefficients. To address these two challenges, we propose
a computationally efficient algorithm that can monitor a large number of wavelet
coefficients simultaneously in parallel based on local recursive CUSUM procedures,
and then combine these local procedures together to raise a global alarm using the
order-thresholding transformation in Liu et al. (2017) to filter out those unaffected
Haar coefficients. The recursive CUSUM procedure is to adaptively update the
estimates of the post-change means, and it was first proposed in Lorden and Pollak
(2008) for detecting a normal mean shift from 0 to some unknown, positive values.
Here we extend it to the wavelet context when one wants to detect both positive and
negative mean shifts of the wavelet coefficients.

For the purpose of demonstration, in the remaining of the paper, we consider
Haar coefficients as an example since they can easily be calculated and interpreted.
Furthermore, they can capture the local changes on the profile efficiently.

For better presentation of our proposed nonlinear profile monitoring methods,
we split this section into four subsections. Section 6.3.1 focuses on estimating the
in-control means of Haar coefficients, and Sect. 6.3.2 discusses how to recursively
estimate possible mean shifts of Haar coefficients and constructs local monitoring
statistics for each wavelet coefficient. Section 6.3.3 derives our proposed monitoring
method and Sect. 6.3.4 discusses how to choose tuning parameters.

6.3.1 In-Control Estimation

In our case study and in many real-world applications, it is reasonable to assume that
some in-control profiles are available for learning the process variables. Without loss
of generality, assume that there are m in-control profiles before online monitoring,
and denote c� as the vector of Haar coefficients of the �th profile y�(x) under the
in-control status for � = −m+ 1, · · · ,−1, 0. If we denote c(ic) as the mean vector
of Haar coefficients under the in-control state, then Haar coefficients under the in-
control state are assumed as

c� = c(ic) + e�, where e� ∼ N(0, �p). (6.6)
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for � = −m + 1, · · · ,−1, 0. In other words, when there are no changes, the Haar
coefficients c� are i.i.d. multivariate normally distributed with in-control mean c(ic)

and diagonal covariance matrix �p = diag(σ 2
1 , . . . , σ

2
p).

It is well known that the sample mean based on the in-control Haar coefficients
c� is not always a good estimator for c(ic) when the dimension p is large (James and
Stein 1961). In the offline wavelet context, it is often assumed that the in-control
p-dimensional mean vector of the Haar coefficients, c(ic) = (c

(ic)
1 , · · · , c(ic)p ), has a

sparsity structure and applying shrinkage techniques to filter out noise and obtain an
accurate estimation (Donoho and Johnstone 1995, 1994). In this article, we follow
the literature and apply hard shrinkage on the sample mean of in-control Haar
coefficients. Specifically, let c̄ be the sample mean of m in-control Haar coefficient
vectors, i.e.,

c̄ = 1

m

0
∑

�=−m+1

c�.

Then the estimator of c(ic) = (c
(ic)
1 , · · · , c(ic)p ) is

ĉ
(ic)
i =

{

c̄
(ic)
i , if |c̄(ic)i | > ρ1σ̂i

0, if |c̄(ic)i | ≤ ρ1σ̂i
(6.7)

where σ̂i is the sample standard deviation of the i-th Haar coefficient, and ρ1 is a
crucial tuning parameter to control the sparsity of the mean vector c(ic). The choice
of ρ1 will be discussed in detail later.

6.3.2 Out-of-Control Estimation and Local Statistics

In the profile monitoring context, the p-dimensional mean vector of the Haar
coefficients is assumed to shift from the in-control value c(ic) to an out-of-control
value c(oc) = (c

(oc)
1 , · · · , c(oc)p ). The difficulty is that one generally has limited

knowledge about the out-of-control or fault samples in online profile monitoring,
and thus one may not be able to accurately estimate the out-of-control mean c(oc)

even if we also put the sparsity constraints on c(oc). For that reason, it makes more
sense in online profile monitoring to assume that the difference vector c(oc) − c(ic),

instead of c(oc) itself, is sparse. To be more concrete, below we assume that only a
few components of c(oc) − c(ic) are non-zero, and |c(oc)i − c

(ic)
i |/σi > ρ2 if the i-th

component is affected, for some constant ρ2 > 0, where σi is the standard deviation
in (6.6).

Note that the change may affect those components with in-control value c(ic)i =
0, and thus one cannot simply monitor those non-zero components under the in-
control state. Also, since we do not know which Haar coefficients will have mean
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shifts and do not know what the magnitudes of mean shift are, one intuitive idea is
to adaptively and accurately estimate the post-change mean c(oc) as we collect data
for online monitoring under the sparsity assumption of c(oc) − c(ic). Unfortunately,
such an approach is generally computationally expensive and infeasible for online
monitoring. Here we observe that the focus of profile monitoring is not necessarily
on the accurate estimation of c(oc), but on accurately raising a global alarm when
there is a change. Hence, we propose a different approach that first locally monitors
each component for a possible significant local mean shift, and then apply the order-
thresholding technique to raise a global alarm under the sparse assumption that only
a few local components are affected by the change.

When monitoring online profiles yk’s, at each time k, we first use (6.5) to derive
the corresponding p-dimension Haar coefficients ck , and then standardize each of p
components by

Xi,k = ck(i)− ĉ
(ic)
i

σ̂i
, (6.8)

for i = 1, · · · , p, where {ĉ(ic)i , σ̂i}i=1,··· ,p are estimators of the in-control mean
c(ic) and standard deviation σ in (6.7) based on in-control samples.

By (6.7), rigorously speaking, the normalized coefficients Xi,k might not be
i.i.d. N(0, 1) unless the tuning parameter ρ1 = 0. In the context of online profile
monitoring, the tuning parameter ρ1 will often be small, and thus it is not bad to
assume that the Xi,k’s satisfy the normality assumption from the practical viewpoint.
Hence, the profile monitoring problem is reduced to the problem of monitoring
the possible mean shifts of p-dimensional multivariate normal random vectors
Xk = (X1,k, · · · , Xp,k), where the means of some components may shift from
0 to some positive or negative value with magnitude of at least ρ2 > 0.

If we know the exact post-change mean μi for the i-th component that is
affected by the change, it is straightforward to develop an efficient local detection
scheme, since one essentially faces the problem of testing the hypotheses in the
change-point model where Xi,1, · · · , Xi,ν−1 are i.i.d. f0(x) = pdf of N(0, 1) and
Xi,ν, · · · , Xi,n are i.i.d. f1(x) = pdf of N(μi, 1). At each time k, we repeatedly
test the null hypothesis H0 : ν = ∞ (no change) against the alternative hypothesis
H1 : ν = 1, 2, · · · (a change occurs at some finite time), see Lorden (1971). Thus
the log generalized likelihood ratio statistic at time k becomes

W ∗i,k = max
1≤ν≤k

∏ν
�=1 f0(Xi,�)

∏k
�=ν+1 f1(Xi,�)

∏k
�=1 f0(Xi,�)

, (6.9)

which can be recursively computed for normal distributions as

W ∗i,k = max

(

W ∗i,k−1 + μiXi,k − 1

2
(μi)

2, 0

)

, (6.10)
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for k = 1, · · · , with the initial value W ∗i,k=0 = 0. In the literature, the statistic W ∗i,k
in (6.10) was first defined by Page (1954), and is called cumulative sum (CUSUM)
statistics and enjoys theoretical optimality (Lorden 1971; Moustakides 1986).

In our context of profile monitoring, we do not know the value of the post-change
mean μi except that |μi | ≥ ρ2, thus we cannot use the CUSUM W ∗i,n in (6.10)
directly. One natural idea is to estimate μi from observed data, and then plug-in the
estimated μ̂i into the CUSUM statistics in (6.10). For that purpose, at time k, denote
by ν̂k the largest � ≤ k − 1 such that W ∗i,� = 0. Then the generalized likelihood
ratio properties suggest that ν̂k is actually the maximum-likelihood estimate of the
change-point ν at time k, and thus one would expect that the data between time
[ν̂k, k] would likely come from the post-change distributions, which allows us to
provide a reasonable estimate of the post-change mean μ̂i at time k. This idea was
first rigorously investigated in Lorden and Pollak (2008) for detecting positive mean
shifts of normal distributions, and here we aim to detect either positive or negative
mean shifts. Specifically, at time k, for the i-th standardized Haar coefficients Xi,k’s,
we define μ̂

(1)
i,k and μ̂

(2)
i,k as the estimates of the post-change mean of Xi,k when

restricted to the positive and negative values, respectively, under the assumption
that |μi | ≥ ρ2, with the explicit expressions as:

μ̂
(1)
i,k = max

(

ρ2,
s + S

(1)
i,k

t + T
(1)
i,k

)

> 0, μ̂
(2)
i,k = min

(

− ρ2,
−s + S

(2)
i,k

t + T
(2)
i,k

)

< 0, (6.11)

and for j = 1, 2 and for any k, the sequences (S(j)i,k , T
(j)
i,k ) are defined recursively

(

S
(j)
i,k

T
(j)
i,k

)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

(

S
(j)

i,k−1 +Xi,k−1

T
(j)

i,k−1 + 1

)

if W(j)

i,k−1 > 0

(

0
0

)

if W(j)

i,k−1 = 0

. (6.12)

Roughly speaking, for each estimate μ̂(j)
i,k , if ν̂(j)k is the candidate change-point, then

T
(j)
i,k denotes the time steps between ν̂

(j)
k and k, whereas S(j)i,k is the summation of

all observations in the interval [ν̂(j)k , k]. The constants s and t in (6.11) are pre-
specified, non-negative constants, and s/t can be thought of as a prior estimate of
the post-change mean.

By plugging the adaptive estimations μ̂
(j)
i,k of the post-change mean μi in the

CUSUM statistics in (6.10), we can derive the local monitoring adaptive CUSUM
statistics by

Wi,k = max(W(1)
i,k ,W

(2)
i,k ), (6.13)
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where W
(1)
i,k and W

(2)
i,k are the local detection statistics for detecting positive and

negative mean shifts:

W
(1)
i,k = max

(

W
(1)
i,k−1 + μ̂

(1)
i,kXi,k − 1

2
(μ̂

(1)
i,k )

2, 0

)

,

W
(2)
i,k = max

(

W
(2)
i,k−1 + μ̂

(2)
i,kXi,k − 1

2
(μ̂

(2)
i,k )

2, 0

)

. (6.14)

6.3.3 Global Online Monitoring Procedure

At time k, we have p local detection statistics Wi,k’s for i = 1, · · · , p, one for
monitoring each specific Haar coefficient locally. In general, the larger values of the
Wi,k’s, the more likely the Haar coefficient is affected. Since we don’t know which
Haar coefficients are affected by the change, we follow Liu et al. (2017) to raise
a global alarm based on the largest r values of the Wi,k’s. This allows us to filter
out those non-affected Haar coefficients, and provides the list of candidate affected
Haar coefficients.

Specifically, at each time k, we order p local detection statistics Wi,k’s for p
Haar coefficients, say, W(1),k ≥ W(2),k ≥ . . . ≥ W(p),k are order statistics of Wi,k’s.
Then our proposed profile monitoring scheme N(b, r) is to raise an alarm at first
time when the summation of the top r statistics W(1),k, . . . ,W(r),k exceed some pre-
defined threshold b, i.e.,

N(b, r) = inf{k :
r

∑

i=1

W(i),k ≥ b}, (6.15)

where r is the tuning parameter that is determined by the sparsity of the post-change,
b is the pre-specified constant to control false alarm.

In summary, our proposed profile monitoring scheme N(b, r) in (6.15) is based
on monitoring Haar coefficients. We use recursive CUSUM procedures, which can
adaptively estimate unknown changes, to monitor each Haar coefficient individually,
and use order-thresholding to address the sparse post-change scenario when only a
few Haar coefficients are affected by the change.

It is important to emphasize that our proposed procedure N(b, r) is robust
in the sense that it can detect a wide range of possible changes on the profiles
without requiring any knowledge on the potential failure pattern. Additionally,
by the recursive formulas in (6.12) and (6.14), for a new coming profile, our
proposed procedure only involves a computational complexity of order O(p) to
update local detection statistics for p Haar coefficients, as well as additional order
of O(p log(p)) to sort these p local detection statistics. Thus at each fixed time
step, the overall computational complexity of our proposed methodology is of
order O(p log(p)). Meanwhile, for the GLR procedure in Chicken et al. (2009),
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the computational complexity is of order O(t2p2) at time step t, which can be
reduced to the order of O(K2p2) if one only uses a fixed window size of K latest
observations to make decisions instead of all t observations, where K often needs
to be at least of order O(log(p)) to be statistically efficient. Hence, as compared to
the GLR procedure, our proposed procedure can be easily implemented recursively
and thus is scalable when online monitoring high-dimension profile data over a long
time period.

Algorithm 1 Implementation of our proposed procedure N(b, r) in (6.15)
Initial parameters: ρ1, ρ2, s, t , and r.

In-control estimation: Using a set of m in-control p-dimensional profile samples y1, .., ym,

perform the following steps.
Step 1: get the Haar coefficients c1, .., cm by Eq. (6.5).
Step 2: get the estimation of standard deviation of the ith Haar coefficient σ̂i .
Step 3: get ĉ(ic) by Eq. (6.7) with the threshold ρ1.

Online monitoring:
initialize k = 0, and set all initial observations Xi = 0 and all S(j)i = T

(j)
i = W

(j)
i = 0, for

i = 1, . . . , p and j = 1, 2.
While the scheme N(b, r) has not raised an alarm
do 1. Update (S(j)i , T

(j)
i ) via (6.12).

2. Compute the intermediate variables μ̂(j)
i from (6.11) which are the estimates of

the post-change means.
3. Input new p-dimensional profile y, using the estimated in-control mean ĉ(ic)

and standard deviation σ̂ to get the updated standardized p components
{X1, . . . , Xp} by (6.8).

4. For i = 1, . . . , p, recompute the local monitoring statistics W(j)
i in (6.14) and Wi in (6.13).

5. Get the order statistics of {W1, . . . ,W(p)} denoted by W(1) ≥ W(2) ≥ . . . ≥ W(p)

6. Compute the global monitoring statistics

G =
r

∑

i=1

W(i)

if G ≥ b terminate: Raising an alarm at time k and declaring that a change has occurred;
end the while loop

6.3.4 Parameter Settings

For our proposed monitoring procedure N(b, r), there are two global parameters, r
and b, and four local parameters, ρ1, ρ2, s, t . Optimal choices of these parameters
will depend on the specific applications and contexts, and below we will discuss how
to set the reasonable values of those parameters based on our extensive numerical
experiences.
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Let us first discuss the choices of two global parameters, r and b. The optimal
choice of r that maximizes the detection power of the proposed procedure N(b, r)

is the number of truly changed Haar coefficients, which is often unknown. Based on
our extensive simulations (Liu et al. 2017), when monitoring hundreds or thousands
of Gaussian data streams simultaneously with an unknown number of affected local
streams, the value r ∈ [5, 10] often can reach a good balance on the detection power
and the robustness to detect a wide range of possible shifts. Hence, in the case study
and simulation study, we choose r = 8. As for the global parameter b, it controls
when to stop the monitoring procedure and is often chosen to satisfy the pre-
specified false alarm constraints. A standard approach in the literature is to choose b
by repeatedly sampling in-control measurements either from in-control training data
or from Monte Carlo in-control models, so that the monitoring procedure N(b, r)

will satisfy false alarm constraint.
Next, the local parameter ρ1 in (6.7) essentially conducts a dimension reduction

for in-control profiles. A good choice of the ρ1 will depend on the characteristics of
in-control profile data in specific applications, and in general the cutoff threshold ρ1
should be chosen balance the bias-variance trade-off of estimation of the in-control
mean profile. Much theoretical research has been done on how to choose ρ1 for the
single profile (Donoho and Johnstone 1994, 1998). These existing approaches focus
more on the wavelet coefficient or mean profile estimation in the context of de-
noising while the main objective in our context is to detect the changes of wavelet
coefficients. Since we will conduct another dimension reduction at the layer of local
detection statistics, it is often better to be conservative to choose a small constant
ρ1 > 0 value so as to keep more Haar coefficients from the in-control profiles.
Also automatic or tuning-free approaches have been developed to choose the cutoff
threshold such as ρ1 adaptively in other contexts, see Zou and Qiu (2009) and Zou
et al. (2015). However, such approaches are often computationally expensive, and
it is unclear how to extend them to multiple profiles monitoring while keeping the
proposed procedure to be scalable. In our simulation and case study, we found out
that a simple choice of ρ1 = 0.15 will yield significantly better results as compared
with the existing methods in the literature. It remains an open problem to derive the
optimal choice of ρ1 under the general setting so that our proposed procedures are
efficient in both computational and statistical viewpoints.

Finally, the local parameter ρ2 represents the interested-smallest magnitude of
mean shift of wavelet coefficients to be detected. In practice, it can be set based on
the engineering domain knowledge to ensure production yield. In this paper, we set
ρ2 = 0.25. In addition, the local parameters, s and t in (6.11), are related to the
prior distribution of the unknown post-change mean μi , so that the corresponding
estimators of μi is a Bayes estimator and will be more robust than using the sample
mean directly. In this paper, we follow Lorden and Pollak (2008) to choose s = 1
and t = 4.
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6.4 Case Study

In this section, we apply our proposed wavelet-based methodology to a real
progressive forming manufacturing process dataset in Lei et al. (2010) that includes
307 normal profiles and 5 different groups of fault profiles. Each group contains
69 samples which are collected under the faults due to missing part occurring in
one of these five operations, respectively. Additionally, there are p = 211 = 2048
measurement points in each profile.

The original research on Lei et al. (2010) focuses on the offline classification
of normal and fault profile samples, while our research mainly emphasizes on the
fast online detection. We will compare the performance of our proposed monitoring
procedure with the other two common used procedures to illustrate the efficiency
of our scheme. First one is the Hotelling’s T 2 control chart based on selected
wavelet coefficients (Zhou et al. 2006). The second one is based on the asymptotic
maximum-likelihood test in Chicken et al. (2009). Specifically, we consider the
following three procedures:

• Our proposed method N(b, r) in (6.15);
• Hotelling’s T 2 control chart based on the first r out of p wavelet coefficients:

T (b, r) = inf
{

j ≥ 1 : wj ≥ b
}

. (6.16)

where

wj =
r

∑

i=1

(
cj (i)− ĉ

(ic)
i

σ̂i
2 )2

• The method in Chicken et al. (2009), where the generalized likelihood ratio test
was used on all p wavelet coefficients:

M∗(b)

= inf

⎧

⎨

⎩

n ≥ 1 : max
1≤i<n

⎧

⎨

⎩

[
∑n

j=i+1 w̃j

n−i −
∑i

j=1 w̃j

i
] ∗

n
∑

j=i+1

(
wj

p
−1)

⎫

⎬

⎭

≥ b

⎫

⎬

⎭

.

where

w̃j = 1

σ̂ 2

p
∑

i=1

{max(0, |cj (i)− ĉ
(ic)
i | − λ)}2

λ =
√

2
logp

p
σ̂ .
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Table 6.1 A comparison of the detection delays of three methods with in-control average run
length equal to 200 based on 500 repetitions in Monte Carlo simulations

Method Fault 1 Fault 2 Fault 3 Fault 4 Fault 5

N(b=73,r=8) 1(0) 1(0) 1(0) 1.51(0.03) 1.01(0.01)

T(b=23.33,r=8) 1(0) 1(0) 1(0) 17.71(0.78) 1(0)

M∗(b = 600) 1(0) 1(0) 1(0) 4.47(0.13) 1.22(0.02)

The standard errors of the detection delays are reported in the bracket

In order to have a fair comparison, r is chosen as 8 for our proposed method
N(b, r) in (6.15) and the Hotelling’s T 2 control chart T (b, r) in (6.16).

To evaluate the detection efficiency of those methods, we first find the appropriate
values of the global threshold b such that the average run length of each scheme is
200 when the samples are collected by sampling from the 307 normal profiles with
replacement. Then, using the obtained global threshold value b, we simulate the
detection delay when the samples are sequentially collected by sampling from the
69 fault profiles. All Monte Carlo simulations are based on 500 repetitions. The
results of detection delay and standard error are summarized in Table 6.1.

From Table 6.1, we can see all of these three methods can detect the change
of Fault 1, 2, 3, and 5 very fast (on average, just need one sample to detect
such change). It is necessary to emphasize that although as shown in Fig. 6.2, the
difference between normal profile and the Fault 4 profile is very subtle, and our
proposed method can detect the Fault 4 change much faster than the other two
methods.

6.5 Simulation Study

In this section, we present the simulation study results to illustrate the efficiency
of our proposed procedure. We follow the nonlinear profile monitoring literature
to consider the in-control mean profile as the Mallet’s piecewise smooth function in
Mallat (1999) , see Fig. 6.4. This testbed curve is a complicated function with several
non-differentiable points and difficult patterns, including several transient jumps,
therefore cannot easily be modeled by parametric models or other nonparametric
models and has been popularly used in much research to evaluate the performance
of nonlinear profile monitoring procedures, see Jeong et al. (2006), Chicken et al.
(2009), and Lee et al. (2012).

The out-of-control mean profile follows the same setup in the previous literature
Lee et al. (2012) and assumes a local mean shift on some intervals. Specifically, the
out-of-control mean profiles are designed as f1(x) = f0(x)+μIδ(x) where the shift
magnitude μ ∈ {0.25, 0.5, 1} and three different changed intervals: (1) δ = [0, 1],
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Fig. 6.4 Mallat’s piecewise smooth function

which is referred as Global shift; (2) δ = [ 73
512 ,

76
512 ]∪[ 288

512 ,
296
512 ], which is referred as

Local shift I, and (3) δ = [ 3
512 ,

15
512 ] ∪ [ 344

512 ,
347
512 ], which is referred as Local shift II.

Based on the mean profiles, we generate in-control and out-of-control sample
profiles, which consist of a realization of p = 512 pairs (xi, y(xi)) with x1, . . . , xp
equal spaced on [0, 1] and y(xi) = f0(xi) + ε(xi) as in-control sample profile and
y(xi) = f1(xi)+ε(xi) as out-of-control sample profile, where ε(xi) is i.i.d standard
normally distributed N(0, 1).

We will compare the performance of our proposed method N(b, r = 8) in (6.15)
with the same two methods in the previous section: the method M∗(b) in (6.16)
and the method T (b, r = 8) in (6.16). In this simulation study, we still set ρ1 =
0.15, ρ2 = 0.25, s = 1, t = 4 for our proposed scheme.

Specifically, based on 1000 Monte Carlo simulations, we keep the in-control
average run length of those schemes as 200 and compare the detection delay under
the Global shift, Local shift I, and Local shift II with different magnitudes of mean
shift. The results are summarized in Table 6.2.

From Table 6.2 we can see that (1) our proposed method N(b, r) yields the
smallest detection delay for detecting local shifts compared with the other two
methods M∗(b) and T (b, r); (2) a competitive results for detecting the global
shifts under different magnitudes of shifts. This implies our proposed wavelet-based
monitoring procedure is more robust to the unknown changes.
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Table 6.2 A comparison of the detection delays of 3 methods with in-control average run length
equal to 200 based on 1000 repetitions in Monte Carlo simulations

Method μ Global shift Local shift I Local shift II

0.25 2.59(0.01) 92.38(0.52) 67.41(0.42)

N(b = 51, r = 8) 0.5 1(0.01) 31.63(0.18) 22.17(0.14)

1 1(0.00) 9.46(0.05) 6.53(0.04)

T(b=21.7, r=8) 0.25 1.03(0.01) 151.82(4.68) 253.57(7.15)

0.5 1.00(0) 144.38(4.39) 100.59(2.99)

1 1.00(0) 79.08(2.58) 24.81(0.74)

M∗(b = 10.1) 0.25 8.26(0.18) 157.40(4.81) 151.55(4.73)

0.5 1.29(0.02) 125.24(4.09) 106.31(3.58)

1 1.00(0) 35.97(0.87) 24.55(0.55)

The standard errors of the detection delays are reported in the bracket

6.6 Conclusions

In this article, we develop a new scalable scheme for monitoring nonlinear profiles
with unknown post-change distribution. This article makes three methodological
contributions. First, we propose to use all wavelet coefficients to monitor the
process, while the prior literature of nonlinear profile monitoring is dominated by
analyzing and using just significant coefficients. Second, we propose to use two
shrinkage techniques to filter out the noise introduced by using all wavelet coeffi-
cients. One is using hard shrinkage to estimate the in-control mean coefficients. The
other one is to build monitoring procedure only focusing on the information of a
few coefficients, which have higher likelihood to be changed. Third, we propose
to utilize a recent developed adaptive-CUSUM procedure in Liu et al. (2017)
to efficiently monitor the standardized wavelet coefficients without knowing the
information about the post-change.

There is plenty of room for improving our proposed scheme for monitoring
nonlinear profiles, calling for further research. First, this article mainly focuses on
the detection of mean shift of the normal distributed profile. Although there are
many applications of our proposed scheme, it is also necessary to work on the
detection procedures for more generally distributed profiles. Second, this article
makes an independence assumption on the noise distribution in (6.1). It will be
useful to develop a more robust method that can handle different correlation
structure of the profile data.
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