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Asymptotic statistical properties of communication-efficient
quickest detection schemes in sensor networks

Ruizhi Zhang and Yajun Mei

H. Milton Stewart School of Industrial and Systems Engineering, Georgia Institute of Technology,
Atlanta, Georgia, USA

ABSTRACT
The quickest change detection problem is studied in a general context
of monitoring a large number K of data streams in sensor networks
when the “trigger event” may affect different sensors differently. In
particular, the occurring event might affect some unknown, but not
necessarily all, sensors and also could have an immediate or delayed
impact on those affected sensors. Motivated by censoring sensor net-
works, we develop scalable communication-efficient schemes based
on the sum of those local cumulative sum (CUSUM) statistics that are
“large” under either hard, soft, or order thresholding rules. Moreover,
we provide the detection delay analysis of these communication-
efficient schemes in the context of monitoring K independent data
streams and establish their asymptotic statistical properties under two
regimes: one is the classical asymptotic regime when the dimension
K is fixed, and the other is the modern asymptotic regime when the
dimension K goes to1: Our theoretical results illustrate the deep con-
nections between communication efficiency and statistical efficiency.
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1. Introduction

Sensor networks have broad applications, including health and environmental monitor-
ing, biomedical signal processing, wireless communication, intrusion detection in com-
puter networks, and surveillance for national security. There are many important
dynamic decision problems in sensor networks, as information is accumulated (or
updated) over time in the network systems. One of them is the quickest detection of a
“trigger” event when sensor networks are deployed to monitor the changing environ-
ments over time and space (see Veeravalli, 2001).
In this article, we consider a general scenario of quickest detection problems when

some unknown, but not necessarily all, sensors might be affected by the “trigger event.”
A naïve approach is to monitor each local sensor individually and to raise a global
alarm as soon as any local sensor raises a local alarm. Unfortunately, this specific paral-
lel local monitoring approach does not take advantage of global information and may
lead to large detection delays if several sensors can provide information about the
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occurring event. Indeed, one allegation often made to the parallel local monitoring
approach is that one loses much information at the global level by combining local
detection procedures, not raw observations themselves, to make a global decision.
The main purpose of this article is to demonstrate that the problem is not with the

parallel local monitoring approach itself but with how to combine the local detection
statistics suitably when the number of affected data streams is moderate. Our proposed
methodologies are motivated by the communication efficiency in censoring sensor net-
work, which was introduced by Rago et al. (1996) and later by Appadwedula et al.
(2005) and Tay et al. (2007). Figure 1 illustrates the general setting of a widely used
configuration of censoring sensor networks, in which the data streams, Xk;ns, are
observed at the remote sensors (typically low-cost battery-powered devices), but the
final decision is made at a central location, called the fusion center. The key feature of
such a network is that though sensing (i.e., taking observations at the local sensors) is
generally cheap and affordable, communication between remote sensors and fusion cen-
ter is expensive in terms of both energy and limited bandwidth. Thus, to prolong the
reliability and lifetime of the network system, practitioners often allow the local sensors
to send summary messages, Uk;ns, to the fusion center only when necessary. The ques-
tion then becomes when and how to send summary messages so that the fusion center
can still monitor the network system effectively.
This consideration motivates us to propose communication-efficient schemes that

raise a global alarm based on the sum of those local detection statistics (e.g., local
cumulative sum [CUSUM] statistics) that are “large” under either hard, soft, or order
thresholding. We will then investigate the statistical properties of our proposed commu-
nication-efficient schemes under two asymptotic regimes: one is the classical asymptotic
regime for fixed dimension K, and the other is the modern asymptotic regime when the
dimension K goes to 1: Our theoretical results illustrate the deep connections between
communication efficiency and statistical efficiency.
It is worth pointing out that a well-known view in the standard off-line statistical

inference literature is the necessity of shrinkage or thresholding for high-dimensional
data in order to improve statistical power or efficiency (see Neyman, 1937; Donoho and
Johnstone, 1994; Fan and Lin, 1998; Cand�es, 2006). In the sequential change-point

X
1,n

 X
K, n

 

S
1
 S

K
 

Final Decision 

Fusion Center 

Possible Feedback 
U

1,n
 U

K,n
 

Figure 1. A widely used configuration of censoring sensor networks.
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detection or quickest detection literature, shrinkage or thresholding has been applied in
two different directions for sparse postchange scenarios: one direction is the application
to shrinkage estimation of sparse postchange parameters of local data streams (see
Chan, 2017; Wang and Mei, 2015; Xie and Siegmund, 2013), and the other is an indir-
ect approach of filtering out nonchanging local data streams through the local summary
statistics, which was first proposed in a conference paper by the author in Mei (2011)
and was shown to be effective in real-world applications of profile or image monitoring
(Liu et al., 2015; Xian et al., 2018; Zhang et al., 2018). This article investigates the
asymptotic statistical properties of the indirect approach, and it is hoped that it will
provide a deeper insight and popularize its use in practice to balance the tradeoff
between communication efficiency and statistical efficiency.
The remainder of this article is organized as follows. In Section 2 we present a rigor-

ous mathematical formulation of sequential change-point detection problems in the
context of globally monitoring multiple data streams and also discuss existing method-
ologies. In Section 3, we develop our proposed methodologies from the communica-
tion-efficient viewpoint and provide guidelines on how to choose tuning parameters.
Asymptotic statistical properties of our proposed communication-efficient schemes are
presented in Section 4 and numerical Monte Carlo simulation results are provided in
Section 5. The detailed technical proofs are provided in the Appendix.

2. Problem formulation and backgrounds

Suppose that in a network system as in Figure 1, there are K sensors, and each local
sensor Sk observes a local data stream over time, say, fXk;ng1n¼1 for k ¼ 1; :::;K:
Initially, the system is “in control” and the distribution of the Xk;ns is fk at the kth
sensor. At some unknown time �; a “trigger” event occurs to the network system, and
the density function of the sensor observations Xk;ns, changes from one density fk to
another density gk at time �k ¼ � þ dk: Here the term dk 2 ½0;1� denotes the
(unknown) delay of the occurring event’s impact at the kth sensor, and dk ¼ 1 implies
that the kth sensor is not affected. The problem is to find an efficient global monitoring
scheme so that the system can detect the occurring event as quickly as possible.
To be more rigorous, we assume that the fks and gks are completely specified densities

with respect to a suitable measure lk; see, for example, Tartakovsky and Veeravalli (2004).
For each 1 � k � K; we assume that the Kullback-Leibler (KL) information number

I gk; fkð Þ ¼
ð
log

gk xð Þ
fk xð Þ gk xð Þdlk xð Þ (2.1)

is finite and positive, and ð �
log

gk xð Þ
fk xð Þ

�2

gk xð Þdlk xð Þ<1: (2.2)

Denote by Pð�Þ
d1;d2;:::;dK

and Eð�Þ
d1;d2;:::;dK

the probability measure and expectation of the
sensor observations when the event occurs at time �; and denote by Pð1Þ and Eð1Þ the
same when there are no changes. Note that Pð�Þ

1;1;:::;1 is the same as Pð1Þ: A global
monitoring scheme can be defined as a stopping time T with respect to the sequence of K-
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dimensional random vectors fðX1;n; :::;XK;nÞgn�1; and the interpretation of T is that, when
T ¼ n; we stop at time n and declare that a change has occurred somewhere at or before
time n. As in the classical quickest change detection problems in Lorden (1971), our problem
can then be formulated to find a stopping time T such that the “worse-case” detection delay

�Ed1;d2;:::;dK Tð Þ ¼ sup
��1

ess sup E �ð Þ
d1;d2;:::;dK

T� � þ 1ð ÞþjF �� 1

� �
(2.3)

is as small as possible for those reasonable combinations of nonnegative dks subject to
the global false alarm constraint

E 1ð Þ Tð Þ � c; (2.4)
where c> 0 is a prespecified constant.
When K¼ 1 or when monitoring a single local data stream, say, the kth data stream,

such a problem has been well studied in the sequential change-point detection literature
(see Basseville and Nikiforov, 1993; Kulldorff, 2001; Lai, 1995, 2001; Lorden, 1971;
Moustakides, 1986; Page, 1954; Pollak, 1985, 1987; Roberts, 1966; Shewhart, 1931;
Shiryaev, 1963). For a review, see the books by Basseville and Nikiforov (1993),
Montgomery (1991), Poor and Hadjiliadis (2009), and Tartakovsky et al. (2014). One effi-
cient local detection procedure is Page’s CUSUM procedure: it raises a local alarm at the
first time n when the local CUSUM statistic Wk;n exceeds some prespecified threshold,
whereWk;n can be computed conveniently online via a recursive formula

Wk;n ¼ max 0; max
1���n

Xn
i¼�

log
gk Xk;ið Þ
fk Xk;ið Þ

( )

¼ max Wk;n� 1 þ log
gk Xk;nð Þ
fk Xk;nð Þ ; 0

 !
:

(2.5)

Below we will develop global monitoring schemes based on the local CUSUM statistics
Wk;n in (2.5), although the ideas can be easily extended to other local detection statistics (in
the logarithm scale of the likelihood) such as Shiryaev-Roberts statistics or scan statistics
(Glaz et al., 2001).
Now let us go back to our global monitoring problem when K is moderately large,

and it is known that the generalized likelihood ratio–based methods do not have recur-
sive forms and are computationally expensive (see Mei, 2010; Fuh and Mei, 2015). In
order to develop efficient scalable global monitoring schemes, it is natural to combine
the local detection procedures to make a global decision, and there are two intuitive
approaches. The first one is the “MAX” scheme, which raises an alarm at the global
level if the maximum of the local CUSUM statistics is too large; that is if one of the
local CUSUM procedures raises a local alarm (see Tartakovsky et al., 2006).
Mathematically, the “MAX” scheme raises a global alarm at time

Tmax cð Þ ¼ inf n � 1 : max
1�k�K

Wk;n � c
n o

; (2.6)

(¼ 1 if such n does not exist) where c > 0 is a prespecified constant chosen to satisfy
the false alarm constraint (2.4). The second approach is the “SUM” scheme, proposed
in Mei (2010), in which one raises an alarm if the sum of local CUSUM statistics is too
large. Specifically, at time n, each data stream calculates its local CUSUM statistic, Wk;ns
as in (2.5), and then one will raise an alarm at the global level at time
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Tsum dð Þ ¼ inf n � 1 :
XK
k¼1

Wk;n � d

( )
; (2.7)

where the constant d> 0 is some suitably chosen constant. Intuitively, the “MAX”
scheme TmaxðcÞ in (2.6) works better when one or very few data streams are affected,
whereas the “SUM” scheme TsumðdÞ in (2.7) works better when many data streams are
affected, and numerical simulations in Mei (2010) indeed verified this intuition.

3. Communication-efficient methodology

In this section, we propose our global monitoring schemes from the communication effi-
ciency viewpoint in the censoring sensor networks in Figure 1. To provide a better illustra-
tion, we divide this section to two subsections. In the first subsection, we will present our
proposed schemes and provide the motivation for our proposed schemes in the censoring
sensor networks. In the second subsection, we will discuss the relation between the tuning
parameters in our proposed schemes and the communication costs in the censoring sensor
networks and provide guidelines for how to choose the tuning parameters.

3.1. Our proposed schemes

From the communication efficiency viewpoint, in the censoring sensor networks in
Figure 1, the local sensors need to summarize the information and only send
“significant” information to the fusion center to prolong the reliability and lifetime of
the network. This inspires us to propose to transmit only those local CUSUM statistics,
Wk;ns, that are larger than their respective local thresholds.
Specifically, at time n, each local sensor calculates its local CUSUM statisticWk;n recursively

as in (2.5) and then sends the following sensor messageUk;n to the fusion center:

Uk;n ¼ Wk;n; if Wk;n � bk
NULL; if Wk;n< bk

;

�
(3.1)

where bk � 0 is the local censoring (hard threshold) parameter at the kth sensor. Here
the message “NULL” is a special sensor symbol to indicate that the local CUSUM statis-
tic is not large. In practice, “NULL” could be represented by the situation when the sen-
sor does not send any messages to the fusion center for example the sensor is silent.
After receiving the local sensor messages, Uk;ns, in (3.1), the fusion center then combines

them suitably to make a global decision. There are several reasonable approaches to do so,
and the first two schemes are based on the summation of all sensor messages, Uk;ns,
depending on how to interpret the “NULL” values. The first approach is to treat the
“NULL” values as lower limit 0, and to raise a global alarm at the fusion center at time

Nhard að Þ ¼ inf n � 1 :
XK
k¼1

Uk;n � a

( )

¼ inf n � 1 :
XK
k¼1

Wk;n1 Wk;n � bk
� � � a

( )
:

(3.2)

SEQUENTIAL ANALYSIS 379



Below this scheme will be referred to as the hard-thresholding scheme, because it
involve the hard-thresholding transformation hðwÞ ¼ w1fw � bg of the local CUSUM
statistics Wk;n:

The second approach is to treat the “NULL” values as the upper limit bks, in which
the fusion center will compute the global monitoring statistic

Gn ¼
XK
k¼1

Uk;n ¼
XK
k¼1

max Wk;n; bk
� � ¼

XK
k¼1

max Wk;n� bk; 0
� �þXK

k¼1

bk:

This is closely related to the soft-thresholding transformation hðwÞ ¼ maxðw� b; 0Þ
of the local CUSUM statistic Wk;n; and we can define the soft-thresholding scheme that
raises an alarm at time

Nsoft að Þ ¼ inf n � 1 :
XK
k¼1

max Wk;n � bk; 0
� � � a

( )
: (3.3)

Here we keep the threshold of NsoftðaÞ as a instead of a� PK
k¼1 bk; so that both

NhardðaÞ in (3.2) and NsoftðaÞ in (3.3) can be written in a common SUM-shrinkage fam-
ily of schemes

NG að Þ ¼ inf n � 1 :
XK
k¼1

hk Wk;nð Þ � a

( )
; (3.4)

see also Liu et al. (2019).
The third approach occurs when the fusion center has prior knowledge that (at most) r

out of K data streams will be affected by the occurring event. Such prior knowledge may be
defined by the network fault-tolerant design to avoid risking failure. In this case, it is rea-
sonable for the fusion center to order all sensor messages, Uk;ns, as Uð1Þ;n � ::: � UðKÞ;n and
raise an alarm if the sum of the r largest Uk;ns is too large. This yields a global monitoring
scheme that is based on the order-thresholding transformation of Uk;ns:

Ncomb;r að Þ ¼ inf n � 1 :
Xr
k¼1

U kð Þ;n � a

( )
; (3.5)

where one might treat the “NULL” values as lower limit 0, upper limit bk, or any other
reasonable values. In this article, Uk;n in the combined scheme Ncomb;rðaÞ is chosen as
the hard-shrinkage of the local CUSUM statistic; that is Wk;n1fWk;n � bkg:
From the statistical viewpoint, a special case of Ncomb;rðaÞ in (3.5) is when the

order-thresholding transformation is applied directly to the local detection statistics
Wk;ns in (2.5). Specifically, we order the K local CUSUM statistics W1;n; :::;WK;n from
largest to smallest: Wð1Þ;n � Wð2Þ;n � ::: � WðKÞ;n: Then the order-thresholding scheme
can be defined by the stopping time

Norder;r að Þ ¼ inf n � 1 :
Xr
k¼1

W kð Þ;n � a

( )
: (3.6)

Clearly, Norder;rðaÞ is a special case of Ncomb;rðaÞ if the local censoring parameter bk �
0; since the local CUSUM statistics Wk;ns are non-negative.
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Note that each family of schemes, NhardðaÞ in (3.2), NsoftðaÞ in (3.3), Norder;rðaÞ in
(3.6), and Ncomb;rðaÞ in (3.5), can be thought of as a large family that includes both
“MAX” and “SUM” schemes. For instance, the “SUM” scheme TsumðdÞ in (2.7) corres-
pond to the hard-thresholding scheme NhardðaÞ with bk � a and a ¼ d or the order-
thresholding scheme Norder;rðaÞ in (3.6) with r ¼ 1: Similarly, if all threshold parameters
bk ¼ 0; then the hard-thresholding scheme NhardðaÞ in (3.2) and the soft-thresholding
schemes NsoftðaÞ and Ncomb;rðaÞ in (3.5) with r ¼ K will become the “SUM” scheme
TsumðdÞ in (2.7).
It is useful to mention that our proposed schemes, NhardðaÞ in (3.2), NsoftðaÞ in (3.3),

Norder;rðaÞ in (3.6), and Ncomb;rðaÞ in (3.5), take advantage of the same high-level
insights: little information seems to be lost at the fusion center if we do not observe
those local data streams with small values of Wk;n because they make limited contribu-
tions to detect the true changes. These ideas and similar techniques have been applied
in other contexts. T. Banerjee and Veeravalli (2015) essentially use the hard-threshold-
ing transformation in (3.2) to tackle the quickest detection problem when one purposely
missed the observations to reduce costs. Wang et al. (2018) borrowed the soft-thresh-
olding schemes in (3.3) for profile monitoring when a change only affects some but not
all principal components in the principal component analysis. Liu et al. (2015) applied
the order-thresholding transformation in (3.6) for efficient adaptive sampling policy
when one only has the ability to observe r out of K data streams at each time step. This
may occur in manufacturing process control when there are K possible stages in the
process but there are only r expensive sensors available to monitor the process. In such
a problem, the order-thresholding scheme allows us to adaptively observe those r data
streams with the largest Wk;n values at each time step. Zhang et al. (2018) also used the
order-thresholding transformation in (3.6) for monitoring nonlinear profiles when small
shifts occurred on some unknown regions of the profile data. In addition, along the
idea of order statistics, S. Banerjee and Fellouris (2016) proposed the stopping time
N̂ rðaÞ ¼ inffn : WðrÞ;n � ag: This is asymptotically equivalent to our proposed order-
thresholding scheme Norder;rðaÞ in (3.6) when the prior knowledge of exactly r affected
data streams is true. However, our proposed order-thresholding scheme Norder;rðaÞ in
(3.6) is more robust when the prior knowledge is inaccurate, particularly when the true
affected number of data streams rtrue < r:

3.2. Choice of thresholding parameters

Thus far we have simply followed our intuition without discussing how to choose the local
threshold parameters, bks. Intuitively we should choose identical local threshold parameters
bks when the local sensors are homogeneous but choose sensor-specified local threshold
parameters bks when the sensors are nonhomogeneous. The homogeneous case was dis-
cussed in our previous research in Liu et al. (2019) by using the local detection statistics
from Lorden and Pollak (2008), and here we focus on the possible nonhomogeneous case.
Under the assumption of the finiteness of local KL information numbers Iðgk; fkÞ in

(2.1), we propose to choose the local threshold parameter bk as

bk ¼ qkb (3.7)

for k ¼ 1; :::;K; where
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qk ¼
I gk; fkð ÞPK
k¼1 I gk; fkð Þ (3.8)

and b � 0 is the common global-level thresholding parameter that will be discussed
later. The rigorous statistical justification of (3.7)–(3.8) will be postponed to the next
section, and it is useful to think at the high level that qk can be thought of as the weight
of the kth data stream in the overall final decision, and those local sensors with larger
KL information numbers or larger signal-to-noise ratios will play more important
roles in the final decision. Meanwhile, note that when the sensors are homogeneous, we
have qk � 1=K and thus local threshold parameters bk � b=K are the same. Hence, our
proposed choices of thresholding parameters in (3.7)–(3.8) match our intuition in the
homogeneous case.
The choice of global-level thresholding parameter b is nontrivial and may need to

consider some nonstatistical constraints. As an illustration, in certain applications of
censoring sensor networks, the censoring parameter b may be chosen to satisfy the con-
straints on the average fraction of transmitting sensors when no events occur. For our
proposed scheme Nhardða; bÞ; when no event occurs, the average fraction of transmitting
sensors at any time step n is

1
K

XK
k¼1

P 1ð Þ Uk;n 6¼ NULLð Þ ¼ 1
K

XK
k¼1

P 1ð Þ Wk;n � qkbð Þ

� 1
K

XK
k¼1

exp �qkbð Þ;

where the last inequality follows from the well-known properties of the local CUSUM
statistics (see Siegmund, 1985, appendix A, p. 245). In particular, if all K sensors are
homogeneous in the sense that the Iðgk; fkÞs are the same for all k, then qk ¼ 1=K; and
the average fraction of transmitting sensors at any time step is exp ð� b=KÞ when no
event occurs. Hence, for our proposed scheme Nhardða; bÞ; a choice of

b ¼ K log g� 1

or, equivalently, the local hard threshold bk ¼ qkb ¼ b=K ¼ log g� 1; will guarantee
that, on average, at most 100g% of K homogeneous sensors will transmit messages at
any given time when no event occurs. It is interesting to note that the local threshold
bk ¼ log g� 1 at each local sensor is a constant that does not depend on K.
The choice of b becomes more complicated for the combined thresholding schemes

Ncomb;rða; bÞ if the thresholding parameter r has been given beforehand. We do not have
an explicit answer, and a general rule of thumb is that the censoring parameter b in
(3.5) shall not be too large, because one generally should keep at least r non-zero Uk;ns
when r data streams are affected by the event.
The choice of thresholding parameter r is straightforward and depends on whether

one has any prior knowledge about the maximum number of affected data streams. If
such knowledge exists and it is believed that at most r0 data streams will be affected by
the occuring event, then one should use this r0 as the value of thresholding parameter r.
Otherwise, one may want to be conservative and choose r ¼ K; that is, consider the
“SUM” scheme or the hard-thresholding scheme Nhardða; bÞ in (3.2).
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4. Statistical efficiency

In this section, we investigate the statistical efficiency of our proposed communication-
efficient schemes, NhardðaÞ in (3.2), NsoftðaÞ in (3.3), Norder;rðaÞ in (3.6), and Ncomb;rðaÞ in
(3.5). Here we assume that the local thresholds qk are given in (3.7)–(3.8) and rewrite
our proposed schemes as Nhardða; bÞ;Nsoftða; bÞ;Norder;rða; bÞ;Ncomb;rða; bÞ to emphasize
the role of the common threshold b in (3.7). Our statistical efficiency analysis allows us
to provide a rational justification of the choice of qk in (3.8) or bk in (3.7)–(3.8),
although we should emphasize that these choices are a sufficient but not necessarily
necessary condition in order for our proposed schemes in (3.2)–(3.6) to enjoy
good properties.
For easy understanding of our theoretical results, we divide this section into three

subsections. In the first subsection, we provide the asymptotic upper bound of detection
delay of our proposed schemes under the settings when the number of affected data
streams are fixed. In the second subsection, we derive the upper bound of detection
delay of our proposed scheme when the false alarm constraint (2.4) c goes to 1 under
the classical asymptotic regime when the number of data streams K is fixed. The delay
analysis on the high-dimension regime when K goes to 1 will be presented in the
last subsection.

4.1. Detection delay analysis

In this subsection, we consider a general setting when the change is not necessarily
instantaneous. We assume that when the event occurs at time �; the kth data stream is
affected at time �k ¼ � þ dk; where the term dk 2 ½0;1� denotes the delay of the occur-
ring event’s impact on the kth data stream. In particular, dk ¼ 1 implies that the kth
data stream is not affected. In other words, the density function of the sensor observa-
tions Xk;ns of the kth data stream changes from fk to gk at time �k ¼ � þ dk: Most
research in the literature assumes that the delay effect dk only takes two possible values,
0 or 1: Here we relax such an assumption slightly and assume that the delay effects
dks satisfy the following postchange hypothesis set D :

D ¼ d1; :::; dKð Þ : the d’ks either ¼ 1 or satisfy 0 � dk � log c and min
1�k�K

dk ¼ 0
� 	

;

(4.1)

where c is the false alarm constraint in (2.4), and xðtÞ � yðtÞ implies that xðtÞ=yðtÞ !
0 as t ! 1: Note that the assumption of min1�k�Kdk ¼ 0 is trivial, because otherwise
the system is actually affected by the occurring event at the “new” change-point �0 ¼
� þmin1�k�Kdk: The assumption of dk � log c is a technical assumption to ensure that
one is able to utilize all affected data streams to raise a global alarm subject to the false
alarm constraint c in (2.4). In other words, we only consider the scenario when the
differences in the finite delay effects dks are not too large as compared to the typical
order (log c) of detection delays. A sufficient condition to satisfy this assumption is
when all finite dk’s are uniformly bounded by some constants that do not depend on
the false alarm constraint c in (2.4).
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In the detection delay analysis, the following constant plays a crucial role:

J d1; :::; dKð Þ ¼
XK
k¼1

I gk; fkð ÞI dk <1f g; (4.2)

Iðgk; fkÞ is the KL information number defined in (2.1), and IfAg is the indicator
function of set A. Essentially, the constant Jðd1; :::; dKÞ in (4.2) states that only those
affected data streams can make contributions in quickest detection.
The following theorem establishes the detection delay properties of our proposed

schemes, Nhardða; bÞ in (3.2), Nsoftða; bÞ in (3.3), Norder;rða; bÞ in (3.6), and Ncomb;rða; bÞ
in (3.5), as the global threshold a goes to 1. The proof of this theorem is presented in
detail in the Appendix.

Theorem 4.1. Suppose a ! 1:

(i) For any combination ðd1; :::; dKÞ 2 D defined in (4.1), as b ! 1

�Ed1;:::;dK Nhard a; bð Þð Þ � max
a

J d1; :::; dKð Þ ;
bPK

k¼1 I gk; fkð Þ

( )

þ O
ffiffiffi
b

p� �
þ O max

dk:dk <1
dkð Þ� �

;

(4.3)

where Jðd1; :::; dKÞ is defined in (4.2).

(ii) For all b � 0; the soft-thresholding scheme Nsoftða; bÞ in (3.3) satisfies

�Ed1;:::;dK Nsoft a; bð Þ� � � a
J d1; :::; dKð Þ þ

bPK
k¼1 I gk; fkð Þ

þ O
ffiffiffi
b

p� �
þ O max

dk:dk <1
dkð Þ� �

:

(4.4)

(iii) For any integer 1 � r � K; the order-r thresholding scheme Norder;rðaÞ in (3.6)
and the combined thresholding scheme Ncomb;rða; bÞ in (3.5) satisfy (4.3)
whenever

PK
k¼1 Ifdk <1g � r; that is when the occurring event affects at most

r sensors.

4.2. Classical asymptotic regime with fixed dimension K

In this subsection, we present the asymptotic optimality properties of our proposed
schemes, Nhardða; bÞ;Nsoftða; bÞ;Norder;rðaÞ; and Ncomb;rða; bÞ; under the classical
asymptotic regime in which the number of data streams K is fixed and the false alarm
constraint c goes to 1:

The following lemma derives the information bound on the detection delays of any
global monitoring scheme when D is defined in (4.1), as the false alarm constraint c in
(2.4) goes to 1:

Lemma 4.1. Assume a scheme TðcÞ satisfies the false alarm constraint (2.4). Then for
any given postchange hypothesis ðd1; :::; dKÞ 2 D; as c goes to 1;
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�Ed1;:::;dK T cð Þ� � � 1þ o 1ð Þð Þ log c
J d1; :::; dKð Þ ; (4.5)

where Jðd1; :::; dKÞ is defined in (4.2).
When the local censoring parameters bks are defined in (3.7)–(3.8) with the common

parameter b, the asymptotic optimality properties of our proposed schemes under the
classical asymptotic regime can be summarized as follows.

Theorem 4.2. For a given K and for any b � 0; with the choice of

a ¼ ac ¼ log cþ K� 1þ o 1ð Þð Þ log log c; (4.6)

the hard-thresholding scheme Nhardðac; bÞ satisfies the false alarm constraint (2.4).
Moreover, if a – b goes to 1 as c goes to 1, then for all b � 0;

�Ed1;:::;dK Nhard a; bð Þð Þ � log cþ K� 1þ o 1ð Þð Þ log log c
J d1; :::; dKð Þ þ O

ffiffiffi
b

p� �
þ O 1ð Þ (4.7)

for all possible postchange hypotheses ðd1; :::; dKÞ 2 D in (4.1). Therefore, for any given
b ¼ oðð log log cÞ2Þ; the hard-thresholding schemes Nhardða; bÞ in (3.2) asymptotically
minimize �Ed1;:::;dK ðNhardða; bÞÞ (up to the second order) for each and every postchange
hypothesis ðd1; :::; dKÞ 2 D subject to the false alarm constraint (2.4), as c in (2.4) goes to
1: The conclusion also holds if Nhardða; bÞ is replaced by the soft-thresholding scheme
Nsoftða; bÞ in (3.3), the order-thresholding scheme Norder;r in (3.6), or the combined thresh-
olding scheme Ncomb;rða; bÞ in (3.5) when the occurring event affects at most r data
streams; that is when ðd1; :::; dKÞ 2 D satisfies

PK
k¼1 Ifdk<1g � r:

Theorem 4.2 validated our choices of the local censoring parameters bks in (3.7) and
the weights qks in (3.8) in the general nonhomogeneous scenario, as the corresponding
schemes are asymptotically optimal when the KL information numbers Iðgk; fkÞ in (2.1)
might be different for different k. Moreover, by Theorem 4.2, when b ¼ oðð log log cÞ2Þ;
the upper bound of the detection delay in the right-hand side of (4.7) is asymptotically
first-order equivalent to those with b ¼ 0: This indicates that we can choose the local
threshold b ¼ oðð log log cÞ2Þ to achieve both communication efficiency and statistical
efficiency simultaneously.

4.3. Modern asymptotic regime when the dimension Kfi‘

In this subsection, we present the asymptotic properties of our proposed schemes,
Nhardða; bÞ;Nsoftða; bÞ;Norder;rðaÞ; and Ncomb;rða; bÞ; under the modern asymptotic regime
in which both the dimension K and the false alarm constraint c in (2.4) go to 1 at a
suitable rate. In order to be tractable, we consider the homogenous case when ðfk; gkÞ ¼
ðf ; gÞ for all k, and the local censoring parameters bks defined in (3.7)–(3.8) will become
bk ¼ b=K with the common parameter b. In this subsection, denote by I ¼ Iðg; f Þ the
KL information number defined in (2.1).
Here we consider the sparse postchange scenario when the number of affected data

streams m is fixed, and focus on the impact of the dimension K on the performance of
our proposed schemes. Two different scenarios will be investigated: K ¼ oð log cÞ and
K � log c: When K and log c have the same order, research becomes more challenging
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and is outside the scope of this article. Note that Chan (2017) considers the not-so-
sparse and not-so-dense postchange scenario when the number of affected data streams
m goes to 1 by assuming that log ðmÞ; log ðKÞ; and log log c have the same order.
Here our asymptotic setting is different, and we consider the case of fixed m when K
and log c go to 1:

First, when both the dimension K and the false alarm constraint c in (2.4) go to 1;

the choice of a in (4.6) for fixed K might no longer work, and thus it is crucial to find
the threshold a to satisfy the false alarm constraint c in (2.4) in the modern asymptotic
setting when K ! 1: The following theorem characterizes a general non-asymptotic
result on the conservative choice of the threshold a.

Theorem 4.3. For any given b and K, a choice of

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log 4cð Þ þ K�Ke� b=K

q
þ

ffiffiffiffi
K

p� �2

(4.8)

will guarantee the hard-shrinkage scheme Nhardða; bÞ; the soft-thresholding scheme
Nsoftða; bÞ; the order-thresholding scheme Norder;rða; bÞ; or the combined thresholding
scheme Ncomb;rða; bÞ, satisfy the false alarm constraint (2.4).
It is clear from Theorem 4.3 that the asymptotic property of the conservative thresh-

old a in (4.8) depends on the relation between K and log c: The following corollary
summarizes the asymptotic detection delays of our proposed schemes, and it shows that
the classical asymptotic detection delay bounds for fixed K still hold when K ¼ oð log cÞ,
but we will have new asymptotic delay bounds when K � log c:

Corollary 4.1. Assume the number m of affected data streams is fixed, and assume K
and log c go to 1:

(i) If K ¼ oð log cÞ; for any b � 0; with the choice of

a ¼ ac ¼ log 4cð Þ þ o log cð Þ (4.9)

the hard-thresholding scheme Nhardða; bÞ in (3.2) satisfies the false alarm con-
straint in (2.4) and has the detection delay

�Ed1;:::;dK Nhard a; bð Þð Þ � 1þ o 1ð Þð Þ log c
mI

þ O 1ð Þ (4.10)

for all possible post-change hypotheses ðd1; :::; dKÞ 2 D in (4.1).

(ii) If K � log c and b � 0; with the choice of

a ¼ 1þ o 1ð Þð ÞK (4.11)

the hard-thresholding scheme Nhardða; bÞ in (3.2) satisfies the false alarm constraint
in (2.4). Moreover, if the local censoring parameters bks are not too large–that is
bk ¼ oðKÞ–or, equivalently, the global censoring parameter b ¼ oðK2Þ; we have

�Ed1;:::;dK Nhard a; bð Þð Þ � 1þ o 1ð Þð Þ K
mI

þ O 1ð Þ (4.12)

for all possible postchange hypotheses ðd1; :::; dKÞ 2 D in (4.1).

386 ZHANG AND MEI



(iii) Conclusions (i) and (ii) also hold if Nhardða; bÞ is replaced by the soft-thresholding
scheme Nsoftða; bÞ in (3.3), the order-thresholding scheme Norder;r in (3.6), or the
combined thresholding scheme Ncomb;rða; bÞ in (3.5) when the occurring event
affects at most r data streams; that is when ðd1; :::; dKÞ 2 D satis-
fies

PK
k¼1 Ifdk<1g � r:

5. Numerical simulations

In this subsection we report our numerical simulation results to illustrate the usefulness
of the proposed schemes in (3.2)–(3.6). Suppose that there are K¼ 100 independent and
identical sensors in a system, and the observations at each sensor are independent and
identically distributed (i.i.d.) with mean 0 and variance 1 before the change and with
mean 1 and variance 1 after the change if affected. In our simulation study, we simply
assume that the change is instantaneous if a sensor is affected, but we do not know
which subset of sensors will be affected.
For the purpose of comparison, we conduct numerical simulations for six families of

global monitoring schemes:

	 the “MAX” scheme TmaxðaÞ in (2.6),
	 the “SUM” scheme TsumðaÞ in (2.7),
	 the order-thresholding scheme Norder;rðaÞ in (3.6) with r ¼ 10;
	 the hard-thresholding scheme NhardðaÞ in (3.2),
	 the soft-thresholding scheme NsoftðaÞ in (3.3),
	 the combined thresholding schemes Ncomb;rðaÞ in (3.5) with r ¼ 10:

The first three schemes require all local sensors to send all local CUSUM statistics, Wk;ns,
values to the fusion center at each and every time step and corresponds to the case when
the local censoring parameter bk � 0 for all k ¼ 1; :::;K: For order-thresholding in the
families of Norder;rðaÞ and Ncomb;rðaÞ; we choose r¼ 10 to better understand the scenario
when 10 out of 100 sensors are affected by the occurring event. For each of the last three
schemes in the list—that is our three proposed schemes (3.2)–(3.5)—we further consider
three different values of the local censoring parameters bks:

(i) bk � 1=2
� log ð0:607Þ for all k,
(ii) bk � � log ð0:1Þ ¼ 2:3026 for all k,
(iii) bk � � log ð0:01Þ ¼ 4:6052 for all k.

The choices of these values will guarantee that when no event occurs, on average at
most g ¼ 60:7%; 10%; and 1% of K¼ 100 homogeneous sensors will transmit messages
at any given time, respectively. Therefore, there are a total of 3þ 3 � 3 ¼ 12 specific
schemes in our numerical simulation study.
For each of these 12 specific schemes TðaÞ; we first find the appropriate values of the

global threshold a to satisfy the false alarm constraint Eð1ÞðTðaÞÞ
c ¼ 5; 000 (within
the range of sampling error). Next, using the obtained global threshold value a, we
simulate the detection delay when the change-point occurs at time �¼ 1 under several
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different postchange scenarios; that is, different number of affected sensors. All Monte
Carlo simulations are based on m¼ 2,500 repetitions.
Table 1 summarizes our simulated detection delays of these 12 schemes under eight dif-

ferent postchange hypotheses, depending on the number of affected sensors. From Table 1,
among these 12 specific schemes, when a small number (1� 3) of 100 homogeneous sen-
sors are affected by the event, the “MAX” scheme TmaxðaÞ is the best (in the sense of small-
est detection delay), the “SUM” scheme TsumðaÞ is the worst, and all other schemes are in
between. Similarly, when a large number (20 or more) of 100 homogeneous sensors are
affected, the order is reversed: TsumðaÞ is the best, TmaxðaÞ is the worst, and all other
schemes are in between. However, when 5� 10 sensors are affected, the schemes with
order-thresholding r¼ 10 yield the smallest detection delays, because they are designed to
detect the scenario when 10 sensors are affected by the event. In addition, it is clear from
Table 1 that for each given scheme, the fewer affected sensors there are, the larger the
detection delay will be. All of these results are consistent with our intuition.
It is worth emphasizing that for the families of the hard- and soft-thresholding

schemes, NhardðaÞ in (3.2) and NsoftðaÞ in (3.3), a larger censoring value of bk actually
leads to a smaller detection delay when only a few sensors are affected. This suggests
that a larger censoring value bk may actually be necessary for efficient detection when
the affected sensors are sparse.
A surprising and possibly counter-intuitive result in Table 1 is the effect of not-

so-large values of censoring parameters bks in finite sample simulations. For instance,
the performances of the “SUM” scheme TsumðaÞ and the hard-thresholding scheme
Nhardða; bk ¼ 0:50Þ are similar in view of sampling errors. Likewise, the top-r threshold-
ing scheme Norder;r¼10ðaÞ and the combined thresholding scheme Ncomb;r¼10ða; bk ¼ 0:50Þ
have identical performances. The interpretation in the censoring sensor networks
context is as follows: using our proposed communication policy in (3.1), we only need

Table 1. A comparison of the detection delays of six families of schemes with c ¼ 5000: The small-
est and largest standard errors of these 12 schemes are also reported under each post-change
hypothesis based on 2500 repetitions in Monte Carlo simulations.

Number of sensors affected

1 3 5 8 10 20 30 50 100

Smallest standard error 0.18 0.07 0.05 0.03 0.03 0.02 0.01 0.01 0.00
Largest standard error 0.35 0.12 0.07 0.06 0.05 0.04 0.03 0.03 0.03

Scheme with bk � 0
Tmaxða ¼ 11:27Þ 23.3 16.3 14.4 13.0 12.4 10.9 10.2 9.5 8.7
Tsumða ¼ 88:66Þ 52.1 21.8 14.7 10.3 8.7 5.2 3.9 2.9 2.0
Norder;r¼10ða ¼ 44:11Þ 34.1 15.5 11.2 8.5 7.5 5.5 4.8 4.1 3.4

Scheme NhardðaÞ in (3.2) with different positive bks
Nhardða ¼ 85:60; bk ¼ 0:50Þ 52.9 21.9 14.9 10.3 8.7 5.2 4.0 2.9 2.0
Nhardða ¼ 52:21; bk ¼ 2:3026Þ 50.6 20.7 13.8 9.6 8.2 5.2 4.2 3.2 2.4
Nhardða ¼ 26:31; bk ¼ 4:6052Þ 39.8 16.0 11.5 8.8 7.9 5.9 5.2 4.4 3.8

Scheme NsoftðaÞ in (3.3) with different positive bks
Nsoftða ¼ 63:92; bk ¼ 0:50Þ 48.2 20.2 13.7 9.7 8.2 5.1 4.0 3.0 2.0
Nsoftða ¼ 21:56; bk ¼ 2:3026Þ 33.9 15.4 11.2 8.5 7.5 5.3 4.5 3.7 3.0
Nsoftða ¼ 8:29; bk ¼ 4:6052Þ 25.2 13.8 11.1 9.2 8.4 6.7 5.9 5.2 4.4

Scheme Ncomb;rðaÞ in (3.5) with r¼ 10 and different positive bks
Ncomb;rða ¼ 44:11; bk ¼ 0:50Þ 34.1 15.5 11.2 8.5 7.5 5.5 4.8 4.1 3.4
Ncomb;rða ¼ 43:88; bk ¼ 2:3026Þ 38.5 16.8 11.7 8.6 7.5 5.5 4.7 4.0 3.3
Ncomb;rða ¼ 26:31; bk ¼ 4:6052Þ 39.8 16.0 11.5 8.8 7.9 5.9 5.2 4.4 3.8
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exp ð� bkÞ ¼ exp ð� 0:5Þ ¼ 60:7% of 100 sensors to transmit information to the fusion
center at any given time when no event occurs, but we can still be as effective as the
full transmission scenario when all sensors transmit information at all time steps. In
other words, communication costs can be saved by our proposed schemes NhardðaÞ or
Ncomb;rðaÞ with not-so-large values of bks.
It is also interesting to see the effect of the order-thresholding parameter r in finite sample

simulations when the hard-thresholding parameters bks are large. From Table 1, when the
false alarm constraint c in (2.4) is only moderately large—for example c ¼ 5; 000—the per-
formances of Nhardða; bkÞ and Ncomb;r¼10ða; bkÞ are identical when bk ¼ 4.6052—they not
only have the same global threshold a, but also have the same detection delays. Intuitively,
the stopping time Ncomb;rða; bkÞ is decreasing as a function of r, and thus we have
Nhardða; bkÞ ¼ Ncomb;r¼Kða; bkÞ � Ncomb;r¼10ða; bkÞ when bk ¼ 4:6052: So, one may wonder
why our numerical simulations lead to identical results. One explanation is that with a choice
of bk ¼ 4:6052; when no event occurs, on average there is at most one non-zero sensor mes-
sage received in the fusion center at any given time and thus there is little difference whether
one uses the sum of the largest r¼ 10 sensor messages or uses the sum of all K¼ 100 sensor
messages. Hence, similar performances are observed in finite-sample simulations.

Appendix: Technical proofs

Below we present the detailed proofs to Theorems 4.1, 4.2, 4.3 as well as Lemma 4.1 and
Corollary 4.1.

Proof of Theorem 4.1. Let us first focus part (i) on the properties of the hard-thresholding
scheme Nhardða; bÞ in (3.2) with b � 0 being the common constant for bks in (3.7)–(3.8).

To prove relation (4.3), it is clear that the worst-case detection delay of Nhardða; bÞ occurs at
the change-point � ¼ 1; and thus it suffices to show that Eð�¼1Þ

d1;:::;dK
ðNhardða; bÞÞ satisfies (4.3).

Without loss of generality, we assume that only the first m data streams are affected and no other
data streams are affected. To simplify our notation below, denote dmax ¼ max1�i�mdi: It suffices
to show that

E �¼1ð Þ
d1;:::;dK

Nhard a; bð Þð Þ � max
aPm

k¼1
I gk; fkð Þ

;
bPK

k¼1
I gk; fkð Þ

8><
>:

9>=
>;

þ O
ffiffiffi
b

p� �
þ O 1ð Þ þ dmax; (A.1)

for any b � 0:
The essential idea in the proof of (A.1) is to compare Nhardða; bÞ with new stopping times that

are only based on those affected m data streams. Define a stopping time that is in the form of
the one-sided sequential probability ratio test (SPRT):

s a; bð Þ ¼ first n such that
Xn
i¼1

Xm
k¼1

log
gk Xk;ið Þ
fk Xk;ið Þ � a and

Xn
i¼1

log
gk Xk;ið Þ
fk Xk;ið Þ � qkb for all 1 � k � m;

(A.2)

where the weights qks are defined in (3.8), and let ŝdða; bÞ be the new stopping time that applies
sða; bÞ to the new observations after time dmax:

Now whenever ŝdða; bÞ stops at time n0 þ dmax; we know that sða; bÞ stops after applying it to
n0 observations ðXk;dmaxþ1; :::;Xk;dmaxþn0Þ for each k. By the definition of the local CUSUM statis-
tics in (2.5), we have
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Wk;n0þdmax �
Xdmaxþn0

i¼dmaxþ1

log
gk Xk;ið Þ
fk Xk;ið Þ � qkb

for all 1 � k � m: Hence,

XK
k¼1

Wk;n0þdmax1 Wk;n0þdmax � qkb
� � �

Xm
k¼1

Xdmaxþn0

i¼dmaxþ1

log
gk Xk;ið Þ
fk Xk;ið Þ � a;

where the last relation is from the definition of sða; bÞ: This implies that the scheme Nhardða; bÞ
must stop at time n0 þ dmax; and possibly earlier. Thus,

E �¼1ð Þ
d1;:::;dK

Nhard a; bð Þð Þ � E �¼1ð Þ
d1;:::;dK

ŝd a; bð Þð Þ ¼ dmax þ E �¼1ð Þ
d�1 ;:::;d

�
K
s a; bð Þð Þ;

where d�k is the binary version of dks defined in (A.10). To simplify the notation, denote by Eð1Þ

the expectation when the change occurs at time �¼ 1 and the event affects the first m data
streams immediately but does not affect the other remaining K – m data streams. So it suffices to
show that the stopping time sða; bÞ in (A.2) satisfies

E 1ð Þ s a; bð Þð Þ � max
aPm

k¼1 I gk; fkð Þ ;
bPK

k¼1 I gk; fkð Þ

( )
þ O

ffiffiffi
b

p� �
þ O 1ð Þ: (A.3)

To prove (A.3), for 1 � k � m; let

Mk ¼ inf n � 1 :
Xn
i¼1

log
gk Xk;ið Þ
fk Xk;ið Þ � qkb

( )
;

sk Mkð Þ ¼ sup n � 1 :
XMkþn

i¼Mkþ1

log
gk Xk;ið Þ
fk Xk;ið Þ � 0

8<
:

9=
;;

M̂ ¼ max
1�k�m

Mk þ sk Mkð Þ þ 1ð Þ;

t M̂ð Þ ¼ inf n � 1 :
XM̂þn

i¼M̂þ1

Xm
k¼1

log
gk Xk;ið Þ
fk Xk;ið Þ

 !
� max a�

Xm
k¼1

qk

 !
b; 0

( )8<
:

9=
;:

Combining these definitions with those of sða; bÞ in (A.2) yields that

s a; bð Þ � M̂ þ t M̂ð Þ ¼ max
1�k�m

Mk þ sk Mkð Þ þ 1ð Þ þ t M̂ð Þ

�
Xm
k¼1

sk Mkð Þ þ 1þ t M̂ð Þ þ max
1�k�m

Mk:

Hence, relation (A.3) holds if we can establish the following three relations:

E 1ð Þ sk Mkð Þð Þ ¼ O 1ð Þ for all 1 � k � m; (A.4)

E 1ð Þ t M̂ð Þð Þ � max
aPm

k¼1 I gk; fkð Þ � bPK
k¼1 I gk; fkð Þ ; 0

( )
þ O 1ð Þ; (A.5)

E 1ð Þ max
1�k�m

Mk
� � � bPK

k¼1
I gk; fkð Þ

þ O
ffiffiffi
b

p� �
þ O 1ð Þ: (A.6)

Relation (A.4) is well known in renewal theory–for example, theorem D in Kiefer and Sacks
(1963)–because log ðgkðXÞ=fkðXÞÞ has positive mean and finite variance under Eð1Þ by our
assumptions in (2.1) and (2.2).
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For relation (A.5), by the definition of tðM̂Þ; when a � ðPm
k¼1 qkÞb; the threshold becomes 0 and

thus tðM̂Þ ¼ 0: When a � ðPm
k¼1 qkÞb; the stopping time tðM̂Þ is defined when a random walk

exceeds the bound a�ðPm
k¼1 qkÞb; and the application of standard renewal theory yields that

E 1ð Þ t M̂ð Þð Þ ¼ a� Pm
k¼1 qk

� �
bPm

k¼1 I gk; fkð Þ þ O 1ð Þ

¼ aPm
k¼1 I gk; fkð Þ �

bPK
k¼1 I gk; fkð Þ þ O 1ð Þ;

(see, for example, Siegmund, 1985, ch. 8). Here the second equation follows from the definition
of qk in (3.8) that Pm

k¼1 qkPm
k¼1 I gk; fkð Þ ¼

1PK
k¼1 I gk; fkð Þ :

Thus, relation (A.5) holds.
The proof of relation (A.6) is a little more complicated, but it can be done along the same line

as that in Mei (2005). The key fact is that the choice of bk ¼ qkbs in (3.7)–(3.8) makes sure that
the stopping times Mks have roughly the same mean under Pð1Þ: Specifically, by renewal theory
and the assumptions of ðfk; gkÞ in (2.1) and (2.2), under Pð1Þ;

E 1ð Þ Mkð Þ ¼ qkb
I gk; fkð Þ þ O 1ð Þ ¼ bPK

k¼1 I gk; fkð Þ þ O 1ð Þ

and Varð1ÞðMkÞ ¼ OðbÞ; as b ! 1 (see Siegmund, 1985, p. 171). Thus, as b ! 1;

E 1ð Þ
Mk � bPK

k¼1 I gk; fkð Þ


 !2

� E 1ð Þ Mk � bPK
k¼1 I gk; fkð Þ

 !2

¼ Var 1ð Þ Mkð Þ þ E 1ð ÞMk � bPK
k¼1 I gk; fkð Þ

 !2

� C1kb;

where C1k > 0 is a constant. Taking the square root of both sides and noticing that Mk ¼ MkðbÞ
is an increasing function of b � 0; it is not difficult to show that for each k ¼ 1; :::;K; there
exists a constant C2k > 0 so that

E 1ð Þ
Mk � bPK

k¼1 I gk; fkð Þ

 � max C2k;
ffiffiffiffiffiffiffi
C1k

p ffiffiffi
b

p� �
;

for all b> 0:
Therefore,

E 1ð Þ max
1�k�m

Mk
� � ¼ bPK

k¼1 I gk; fkð Þ þ E 1ð Þ max
1�k�m

Mk � bPK
k¼1 I gk; fkð Þ

 !

� bPK
k¼1 I gk; fkð Þ þ

Xm
k¼1

E 1ð Þ
Mk � bPK

k¼1 I gk; fkð Þ


� bPK

k¼1 I gk; fkð Þ þ
Xm
k¼1

max C2k;
ffiffiffiffiffiffiffi
C1k

p ffiffiffi
b

p� �

� bPK
k¼1 I gk; fkð Þ þ C

ffiffiffi
b

p
þ 1

� �
;

where the constant C ¼PK
k¼1 maxðC2k;

ffiffiffiffiffiffiffi
C1k

p Þ does not depend on b. This proves relation (A.6).
Therefore, relations (A.4)–(A.6) hold, and thus relation (4.3) holds for the hard-thresholding
scheme Nhardða; bÞ in (3.2).
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The proof for the soft-thresholding scheme Nsoftða; bÞ in (3.3) is similar, except defining the
stopping time sða; bÞ by

s a; bð Þ ¼ first n such that
Xn
i¼1

Xm
k¼1

log
gk Xk;ið Þ
fk Xk;ið Þ � aþ b

Xm
k¼1

qk and (A.7)

Xn
i¼1

log
gk Xk;ið Þ
fk Xk;ið Þ � qkb for all 1 � k � m; (A.8)

instead of (A.2) and proving

E 1ð Þ s a; bð Þð Þ � aPm
k¼1 I gk; fkð Þ þ

bPK
k¼1 I gk; fkð Þ þ O

ffiffiffi
b

p� �
þ O 1ð Þ (A.9)

by replacing the threshold maxfa�ðPm
k¼1 qkÞb; 0g in the stopping time tðM̂Þ by the threshold a.

The remaining arguments are identical and thus are omitted.
Now let us provide a sketch of the proof for part (iii) of Theorem 4.1 on the order-threshold-

ing scheme Norder;rðaÞ in (3.6) and the combined thresholding scheme Ncomb;rða; bÞ in (3.5).
Because Norder;rðaÞ is a special case of Ncomb;rða; bÞ with b ¼ 0; it suffices to prove the theorem
for Ncomb;rða; bÞ in (3.5) with b � 0: Clearly relation (A.11) also holds for Ncomb;rða; bÞ for any
b � 0; because the “SUM” scheme TsumðaÞ again provides the lower bound for Ncomb;rða; bÞ:

It remains to show that relation (4.3) holds for Ncomb;rða; bÞ with b � 0 in the scenario when
the occurring event affects at most r data streams; that is, when

PK
k¼1 Ifdk <1g � r: Without

loss of generality, assume that the affected data streams are just the first m data streams with
m � r: Recall that Uk;n ¼ Wk;nIfWk;n � qkbg; and we order the Uk;ns as Uð1Þ;n � ::: � UðKÞ;n; and
Ncomb;rða; bÞ stops if

Pr
k¼1 UðkÞ;n � a: Note that if m � r;

Xr
k¼1

U kð Þ;n �
Xr
k¼1

Uk;n �
Xm
k¼1

Uk;n;

since Uk;n � 0: Thus, if at some time n0 we have Wk;n0 � qkb and
Pm

k¼1 Wk;n0 � a for 1 � k � m
(i.e., for the first m data streams), then Ncomb;rða; bÞ will also stop at time n0 and possibly earlier.
Hence, whenever m � r; the stopping time sða; bÞ in (A.2) also provides an upper bound on the
detection delay of Ncomb;rða; bÞ: Thus, the proposed combined thresholding scheme Ncomb;rða; bÞ
in (3.5) satisfies relation (4.3) whenever the occurring event affects at most r data streams. This
completes the proof of the theorem. w

Proof of Lemma 4.1. Intuitively, only those affected sensors provide information to detect the
occurring events, and the quickest possible way to detect the occurring event is when the event
affects the sensors instantaneously. More rigorously, if we define

d�k ¼
0; if dk is finite
1; if dk ¼ 1 ;

�
(A.10)

then for any given scheme T cð Þ;
�Ed1;:::;dK T cð Þ� � � inf

s
�Ed�1 ;:::;d

�
K
sð Þ;

where the infimum is taken over all possible schemes s satisfying the false alarm constraint c in
(2.4). An alternative and possible better viewpoint is based on a time-shifting argument in which
one imagines that at time n one observes the observations Xk;nþdk (instead of Xk;n) when dk is
finite, and then applies TðcÞ to the new aligned observations.

Without loss of generality, assume that the first m data streams are affected abruptly and sim-
ultaneously by the event at unknown time �; and other data streams are unaffected. That is, m
out of K data streams are affected by the event, and d�i ¼ 0 for 1 � i � m; and ¼ 1 for mþ 1 �
i � K: By (4.2), we have

J d1; :::; dKð Þ ¼ J d�1; :::; d
�
K

� � ¼Xm
i¼1

I gi; fið Þ:
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In this case, we face the sequential change detection problem when the distribution of
ðX1;n; :::;XK;nÞ changes from ðf1; :::; fm; fmþ1; :::; fKÞ to ðg1; :::; gm; fmþ1; :::; fKÞ: It is well known
(Lorden, 1971) that

inf
s
�Ed�1 ;:::;d

�
K
sð Þ � 1þ o 1ð Þð Þ log cPm

i¼1 I gi; fið Þ ;

subject to the false alarm constraint c in (2.4) as c ! 1: Combining the above results yields
relation (4.5), completing the proof of Lemma 4.1. w

Proof of Theorem 4.2. First, we will prove for any a; b � 0;

E 1ð Þ Nhard a; bð Þð Þ � 1þ o 1ð Þð Þ ea

1þ aþ a2
2! þ � � � þ aK� 1

K� 1ð Þ!
: (A.11)

To prove (A.11), note that Nhardða; bÞ in (3.2) is increasing as a function of b � 0 and when
b¼ 0, Nhardða; b ¼ 0Þ reduces to the “SUM” scheme TsumðaÞ in (2.7). Hence, for any b �
0;Nhardða; bÞ � TsumðaÞ and, of course, Eð1ÞðNhardða; bÞÞ � Eð1ÞðTsumðaÞÞ: By theorem 1 of Mei
(2010), the “SUM” scheme TsumðaÞ satisfies relation (A.11), and so do the hard-thresholding
schemes Nhardða; bÞ for all b � 0:

Theorem 4.2 follows at once from Theorem 4.1 and (A.11). In particular, the choice of ac in (4.6)
follows from (A.11) and the fact that 1þ aþ a2

2! þ � � � þ aK� 1

ðK� 1Þ! aK� 1

ðK� 1Þ! if K is fixed and a goes

to1. w

Proof of Theorem 4.3. Clearly, we can see for any fixed combination of (a, b), Eð1ÞNhardða; bÞ
is smaller than Eð1ÞNsoftða; bÞ or Eð1ÞNcomb;rða; bÞ: Therefore, it is sufficient to prove that the
choice of a in (4.8) could guarantee that the hard-thresholding scheme Nhardða; bÞ satisfies false
alarm constraint (2.4).

First, define W�
k ¼ limn!1 Wk;n as the limit of the CUSUM statistics, which has the following

nonasymptotic result: for any x> 0; the tail probability

G xð Þ ¼ P 1ð Þ W�
k > x

� � � e� x (A.12)

(see Siegmund, 1985, appendix A, p. 245). It is clear that W�
k are i.i.d. across different k. Now we

define the log-moment generating function of the W�
k s,

w hð Þ ¼ logE 1ð Þ exp hW�
k1 W�

k � b=K
� �� �

: (A.13)

For any x � 0; by Chebyshev’s inequality,

E 1ð Þ Nhard a; bð Þ½ � � xP 1ð Þ Nhard a; bð Þ � xð Þ
¼ x 1 � P 1ð Þ Nhard a; bð Þ < xð Þ
� �

¼ x 1 � P 1ð Þ XK
k¼1

Wk;n1 Wk;n � bk
� � � a

 !
for some 1 � n � x

" #

� x 1 � xP 1ð Þ XK
k¼1

W�
k1 W�

k � bk
� � � a

 !" #
;

� x 1 � xe� haE 1ð Þ exp h
XK
k¼1

W�
k1 W�

k � b=K
� � !" #

¼ x 1 � x exp � haþ Kw hð Þ� �� �
:

(A.14)

Note that for any u> 0; the function xð1� xuÞ is maximized at x ¼ 1=ð2uÞ with the maximum
value 1=ð4uÞ: Therefore, we can get for any 0< h< 1;
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E 1ð Þ Nhard a; bð Þ½ � � 1
4
exp ha � Kw hð Þ� �

: (A.15)

By the definition of wðhÞ in (A.13) and the tail probability W�
k in (A.12), for all 0< h< 1;

wðhÞ ¼ log½Pð1ÞðW�
k � b=KÞ�

ð1
b=K

ehxdGðxÞ�

¼ log½1þ ðehb=K � 1ÞGðbÞ þ h
ð1
b=K

ehxGðxÞdxÞ�

� log½1þ ðehb=K � 1Þe� b=K þ h
ð1
b=K

ehxGðxÞdx�

� log½1þ ðehb=K � 1Þe� b=K þ h
ð1
b=K

ehxe� xdx�

¼ log

�
1þ 1

1 � h
e� bð1� hÞ=K � e� b=K

�

� 1
1 � h

e� bð1� hÞ=K � e� b=K

� 1
1 � h

� e� b=K ;

(5.16)

where the second equation is based on the integration by parts. By (A.15) and (A.16), we have

E 1ð ÞNhard a; bð Þ � 1
4
exp ha� K

1 � h
þ Ke� b=K

� �
(A.17)

for all 0< h< 1: If K < a, by letting h ¼ 1� ffiffiffiffiffiffiffiffiffi
K=a

p
yields

E 1ð ÞNhard a; bð Þ � 1
4
exp

ffiffiffi
a

p �
ffiffiffiffi
K

p� �2 þ Ke� b=K �K
� �

: (A.18)

Therefore, a choice of

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log 4cð Þ þ K�Ke� b=K

q
þ

ffiffiffiffi
K

p� �2

(A.19)

will guarantee that the hard-shrinkage scheme Nhardða; bÞ satisfies the false alarm constraint (2.4).
Note that using the continuity of the soft-thresholding transformation function, a tighter

bound for Nsoftða; bÞ was derived for the soft-thresholding scheme in Liu et al. (2019), although
they are asymptotically equivalent to those in Theorem 4.3 and Corollary 4.1 Nhardða; bÞ as the
dimension K goes to 1. w

Proof of Corollary 4.1. If K ¼ oð log cÞ; the corresponding a ¼ ac ¼ log ð4cÞ þ oð log cÞ will
guarantee the false alarm constraint. Moreover, if m is fixed and b ¼ oð log cÞ; the upper bound
of detection delay in Theorem 4.1 could be applied and yields

�Ed1;:::;dK Nhard a; bð Þð Þ � 1þ o 1ð Þð Þ log c
mI

� �
þ O 1ð Þ; (A.20)

which implies that the first-order detection efficiency will be maintained as long as b ¼ oð log cÞ:
If K � log c; the corresponding a ¼ ð1þ oð1ÞÞK will guarantee the false alarm constraint.

Moreover, since m is fixed and b ¼ oðK2Þ; the upper bound of detection delay in Theorem 4.1
could be applied and yields

�Ed1;:::;dK Nhard a; bð Þð Þ � 1þ o 1ð Þð Þ K
mI

� �
þ O 1ð Þ; (A.21)

which completes the proof of the corollary. w
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