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AMultistage Procedure for Decentralized
Sequential Multi-Hypothesis Testing Problems

Yan Wang and Yajun Mei
H. Milton Stewart School of Industrial and Systems Engineering,

Georgia Institute of Technology, Atlanta, Georgia, USA

Abstract: We studied the problem of sequentially testing M ≥ 2 hypotheses with a
decentralized sensor network system. In such a system, the local sensors observe raw data
and then send quantized observations to a fusion center, which makes a final decision
regarding hypothesis is true. Motivated by the two-stage tests in Wang and Mei (2011), we
propose a multistage decentralized sequential test that provides multiple opportunities for
the local sensors to adjust to the optimal local quantizers. It is demonstrated that when the
hypothesis testing problem is asymmetric, the multistage test is second-order asymptotically
optimal. Even though this result constitutes an interesting theoretical improvement over two-
stage tests that can enjoy only first-order asymptotic optimality, the corresponding practical
merits seem to be only marginal. Indeed, performance gains over two-stage procedures with
carefully selected thresholds are small.
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1. INTRODUCTION

Sequential hypothesis testing problems have many applications, and there are two
popular versions encountered in the literature: centralized and decentralized. In the
centralized version, all raw observations are available at a single central location,
and the decision maker needs to assign a stopping time for taking observations and
decides which of several hypotheses is true. The centralized version of sequential
hypothesis testing problems has been extensively studied. For instance, when testing
M = 2 simple hypotheses, the best test is the sequential probability ratio test
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(SPRT); see Wald (1947) and Wald and Wolfowitz (1948). When testing M ≥ 3
hypotheses, since there is no strictly optimum solution for the centralized problem,
it is common to investigate the asymptotic optimality theory. In a standard setup
one is allowed to let the cost of observations per time step, c� tend to 0; see Kiefer
and Sacks (1963), Lorden (1977), and Dragalin et al. (1999).

The decentralized version of sequential hypothesis testing is relatively new,
though it has gained a great amount of attention in applications in recent years;
see Tenney and Sandel (1981), Li et al. (2002), and Ye et al. (2005). The setup is
generally as follows. There is a sensor network system, and raw data are observed at
a set of geographically deployed sensors, whereas the decision maker, usually called
the fusion center, is at a central location that does not have direct access to raw
data. Specifically, the local sensors need to send quantized summary messages to
the fusion center instead of raw sensor observations, and the quantized summary
messages generally belong to a finite alphabet set. The quantization process is often
necessary due to the limited communication bandwidth and requirements of high
communication robustness. Thus, in the decentralized problems, we need to provide
not only a stopping time and a final decision at the fusion center but also decide
what functions should be used for data quantization at the local sensors at each
time step, so that the network system can make an efficient decision quickly.

Theoretical research on the decentralized sequential hypothesis testing problems
is rather limited. References for sequentially testing M = 2 simple hypotheses
include Veeravalli et al. (1993), Veeravalli (1999), Nguyen et at. (2008), Mei (2008),
and Fellouris and Moustakides (2011), and, to the best of our knowledge, so far only
Wang and Mei (2011) deals with the case of testing M ≥ 3 simple hypotheses. These
investigations showed that optimal Bayes risk is of order c� log c� as the cost c per
time step goes to 0, and it is a nontrivial task to find first-order asymptotically Bayes
tests that have simple forms and attain the Bayes risk within o�c� log c��, especially
in the problem of testing M ≥ 3 hypotheses. The main difficulty stems from the fact
that the optimal choice of the quantization functions at the sensors depends on the
true hypothesis, which is clearly unknown. To overcome this difficulty, in Mei (2008)
and Wang and Mei (2011), we proposed a simple first-order asymptotically optimum
Bayes test based on two stages. We should mention that two-stage tests have been
widely used in other contexts; see Stein (1945) and Kiefer and Sacks (1963). In the
first stage we make a preliminary decision based on which we then optimize the
local sensor quantization strategies. In the second stage, each local sensor adopts the
corresponding optimal quantization function, and the fusion center mainly utilizes
the newly available local sensor messages to make a final decision. In other words,
in the two-stage tests we decouple the joint optimization problem of the local sensor
quantization functions and the fusion center decision into two distinct subproblems.
As we mentioned, this two-stage strategy enjoys first-order asymptotic optimality.

In the present article, we extend our idea to multistage tests in the hope
of improving asymptotic performance by developing tests that are second-order
optimum. In particular, multistage tests will iteratively optimize the local sensor
quantization functions and the fusion center decision by providing multiple
opportunities to the local sensors to adjust to the optimal local quantizers more
efficiently. If properly adjusted, multistage tests can attain the Bayes risk to within
O�c� when the problem of testing M ≥ 2 hypotheses is “asymmetric.” This result is
considerably sharper than the existing o�c� log c�� first-order asymptotic optimality
result obtained for the two-stage tests, and it is also applicable to the case of
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testing M = 2 simple hypothesis. Interestingly, when the cost c per time step is only
moderately small, the corresponding practical merits of the multistage tests seem to
be only marginal, as both theoretical analysis and numerical simulation illustrate
that performance gains over two-stage procedures with carefully selected thresholds
turn out to be small.

The remainder of the article is organized as follows. In Section 2, we provide the
problem statement and introduce our notation, as well as necessary concepts and
assumptions. Section 3 reviews the two-stage procedure developed in Wang and Mei
(2011) and presents intuitive arguments on how it can be further improved. Section 4
rigorously states our proposed multistage procedures, and Section 5 explores their
asymptotic optimality properties when the hypothesis testing problem is of the
asymmetric type. A numerical simulation study is presented in Section 6, and all
proofs are deferred to Section 7.

2. PROBLEM STATEMENT AND NOTATION

Figure 1 illustrates a widely used configuration of a sensor network with K local
sensors (labeled by S1� � � � � SK) and a fusion center. At each time step n = 1� 2� � � � �
each local sensor Sk observes raw data Xk

n and sends the quantized summary
message Uk

n to the fusion center. To save communication cost and increase network
reliability, �Uk

n �s are required to belong to a finite alphabet �0� 1� � � � � lk − 1�. In
other words, the fusion center does not have access to the raw data directly and
needs to make decisions based on the quantized sensor messages �Uk

n �s. We also
assume that, if necessary, the fusion center can send a feedback �V k

n � to the local
sensors to improve the system efficiency.

There are many different configurations of the system, depending on how to
generate the sensor messages �Uk

n �s, and one of them is the system with quantized
feedback and local memories restricted to past decisions, which can be thought of as a

Figure 1. A widely used configuration of sensor network.
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special scenario of Case E of Veeravalli et al. (1993). In such a system, the quantized
message Uk

n has the following form:

Uk
n = �k

n�X
k
n� V

k
n−1� ∈ �0� 1� � � � � lk − 1��

where the feedback Vk
n−1 can be a function of the (quantized) data already available

at the fusion center; that is,

Vk
n−1 = 	k

n�U
1

1�n−1�� � � � � U

K

1�n−1���

and Uk

1�n−1� = �Uk

1 � � � � � U
k
n−1� are all past local sensor messages. Here the sensor

message function �k
n is also called a quantizer, and can be deterministic or

randomized.
In the decentralized sequential multihypothesis testing problem, we assume that

the system is operated sequentially over time, and there are M hypotheses regarding
the distribution P of the raw data �Xk

n�:

Hm � P = Pm� m = 0� 1� � � � �M − 1�

Under each Pm, the raw data Xk
n are assumed to be independent between different

sensors, and the raw data �Xk
n� at any given local sensor Sk are independent and

identically distributed (i.i.d.) with density fk
m�·� with respect to some underlying

measure. Hence, the distribution Pm of the raw data is completely determined by
the K densities, �f 1

m� � � � � f
K
m �� Below we simply state that the true state of nature is

m or Pm if the hypothesis Hm is true.
To highlight our main ideas, for simplicity we assume that we have

available only one sensor (K = 1) in the system. Extension to multiple sensors is
straightforward. Also for simplicity, we drop all superscripts indicating different
sensors; that is, at time n� the raw observation is Xn and the quantized message
is Un = �n�Xn��n−1�, where �n−1 = �U1� � � � � Un−1� are the past messages. Similarly,
density fm determines the distribution of the raw data under Hm.

To define a decentralized sequential test , we need not only specify the explicit
form of the quantizers �n and the feedback 	n but also assign to the fusion center
a stopping time N together with a final decision D ∈ �0� 1� � � � �M − 1� that selects
one of the M possible hypotheses. Note that the final decision D must be based on
the information accumulated up to time N at the fusion center.

Under the Bayesian formulation of the decentralized sequential multi-
hypothesis testing problem, we assume that the cost of taking observations is c > 0
per time step and the cost of making incorrect decision is 1� In addition, we assign a
prior distribution �m to each hypothesis Hm� Hence, the Bayes risk of a decentralized
test  takes the form

�c�� =
M−1∑
m=0

�m
cEm�N�+ Pm�D �= m���

where N is the stopping time of the test  and D ∈ �0� � � � �M − 1� is the final
decision of �

Denote by ∗B�c� the corresponding Bayes solution that minimizes the Bayes
risk. Unfortunately, it is generally intractable to derive the explicit form of ∗B�c��
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and thus it is standard to adopt asymptotic optimality approaches by letting
c → 0. In Mei (2008) and Wang and Mei (2011), we developed the first-order
asymptotically optimal tests �I�c�� satisfying �c�I�c�� = �1+ o�1���c�

∗
B�c�� =

O�c� log�c���� The present article will improve our previous results to second-order
optimality in the sense of finding ��c�� so that �c��c�� = �c�

∗
B�c��+ O�c� as c

tends to 0�
In the remainder of this section, we will introduce some notation and concepts.

Let us begin with randomized quantizers and their Kullback-Leibler information
numbers, as they will play a central role in our theory. A quantizer �n used by the
local sensor is a measurable function that maps the raw sensor observations into
a prespecified finite alphabet set, and it can be either a deterministic function or
a randomization of some (possibly infinitely many) deterministic functions. Denote
by � the set of all possible deterministic quantizers �s and let fm�·� �� be the
induced probability mass function of the quantized message Un = ��Xn� when the
raw observation Xn is distributed according to fm�·� under Pm; that is,

fm�u� �� = Pm���Xn� = u�� for u = 0� 1� � � � � l− 1�

For a randomized quantizer �̄, we view it as assigning probability masses �pj�
onto some countable subset of deterministic quantizers ��j� ⊂ �; that is, �̄ =∑

j p
j�j . Note that a deterministic quantizer can be seen as a special case of a

randomized quantizer that assigns probability one to itself. Denote with �� the set
of all quantizers, determinist or randomized.

It is worth noting the importance of how to implement a randomized quantizer
efficiently. The traditional implementation is to do the randomization locally; that
is, the local sensors select a deterministic quantizer �j based on the probability
masses �pj� and then use it to map the raw data into a quantized message U =
�j�X�; see Tsitsiklis (1993). This approach is straightforward and easy to implement,
but a disadvantage is that the fusion center only gets the quantized message U
without any knowledge of which deterministic quantizer �j is actually used and
thus may lose substantial information for decision making at the fusion center.
To improve efficiency, we propose a different implementation by taking advantage
of the fact that the fusion center is allowed to send feedback to the local sensor.
Specifically, randomization is implemented at the fusion center, which selects a
deterministic quantizer �jn for the local sensor at time n and then informs the
local sensor via feedback. Also see Section III.B of Wang and Mei (2011) for more
detailed explanation and more practical implementation.

Next, let us define the Kullback-Leibler (K-L) divergence for a deterministic and
a randomized quantizer. For a deterministic quantizer �, this quantity is defined in
the standard way; that is,

I�m�m′� �� =
l−1∑
u=0

fm�u� �� log
fm�u� ��

fm′�u� ��

for all m �= m′� For a randomized quantizer �̄ =∑
pj�j , we define its K-L

divergences by a weighted average of the K-L divergences of the corresponding
deterministic quantizers it randomizes:

I�m�m′� �̄� =∑
pjI�m�m′� �j�� 0 ≤ m �= m′ ≤ M − 1�
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Note that this definition reflects our unusual way of implementing randomized
quantizers; see Sections II and III.B of Wang and Mei (2011) for more details.

For a given (deterministic or randomized) quantizer �̄ ∈ �� and for each state
m = 0� 1� � � � �M − 1� define

I�m� �̄� = min
m′ �=m

I�m�m′� �̄�� (2.1)

which characterizes the least divergence from the state m to other states. Intuitively,
when state m is true, the local sensor should use a quantizer that maximizes I�m� �̄��
so that the quantized messages can most likely separate the hypothesis Hm from
other hypotheses. This leads to the definition of maximin quantizers:

Definition 2.1. For m = 0� 1� � � � �M − 1, define the maximin quantizer with respect
to Pm as

�̄∗
m = arg sup

�̄∈��
I�m� �̄�

and define the corresponding maximin information number by I�m� =
sup�̄∈�� I�m� �̄�.

The maximin quantizers are characterized in Wang and Mei (2011), and it
is shown that under certain regularity conditions, any maximin quantizer can
be represented as a randomization of at most M − 1 deterministic unambiguous
likelihood ratio quantizers (ULQs) proposed in Tsitsiklis (1993). In particular, when
testing M = 2 hypotheses, the maximin quantizer is a deterministic ULQ for M = 2�
which becomes a deterministic monotone likelihood ratio quantizer (MLRQ).

Next, based on K-L information numbers, we need to distinguish two different
cases; that is, asymmetric and symmetric when testing M ≥ 3 hypotheses, as we will
be able to develop a decentralized sequential test that is second-order asymptotically
optimal for the asymmetric case and it is still an open problem for the symmetric
case. For instance, when testing three hypotheses on a normal mean, say, � =
0� �1� �2� with �1 < 0 < �2� the problem is symmetric when �1 = −�2 but is
asymmetric otherwise.

A more general definition of asymmetric and symmetric cases is as follows. Let
�̄ be a possibly randomized quantizer, we say it is asymmetric with respect to (w.r.t.)
state m if there is a unique state m′ �= m that minimizes I�m�m′� �̄�; that is, there is
a single m∗ �= m satisfying

I�m� �̄� = I�m�m∗� �̄� = min
m′ �=m

I�m�m′� �̄��

otherwise we say that �̄ is symmetric w.r.t. state m. When testing M = 2 hypotheses,
any quantizer is automatically asymmetric w.r.t. any state. Recall in Definition 2.1
that �̄∗

m is the maximin quantizer w.r.t. a given state m� The multi-hypothesis testing
problem is said to be asymmetric w.r.t. state m if the maximin quantizer �̄∗

m is
asymmetric w.r.t. state m. Otherwise, the multi-hypothesis testing problem is said to
be symmetric w.r.t. state m. If the multi-hypothesis testing problem is asymmetric
w.r.t. all states, then we say the problem itself is asymmetric. The multi-hypothesis
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testing problem is symmetric if it is symmetric w.r.t. at least one state m� Under our
definition, the problem of testing M = 2 hypotheses is asymmetric.

Finally, let us introduce certain necessary regularity conditions about the
density functions �fm� of raw observations.

Assumption 2.1. There exist constants � > 1 and ���� < � such that for all m =
0� � � � �M − 1 and m′ �= m,

Em

{(
fm′�Xn�

fm�Xn�

)�
}
≤ �����

By Jensen’s inequality, it is straightforward to show that similar results also
hold for quantized messages.

Lemma 2.1. Under Assumption 2.1, let � be any quantizer or general measurable
function, and denote by fm�·� �� the probability mass function of Un = ��Xn� when Xn

has density fm� Then

Em

{
exp

[
� log

(
fm�Un� ��

fm′�Un� ��

)]}
≤ ���� < ��

It is easy to see that Assumption 2.1 guarantees an upper bound for the first
and second (and also other) moments of the log-likelihoods (quantized data or not).
That is, there are upper bounds 0 < I∗ < �, 0 < V ∗ < � such that for any m�m′� �
we have

Em

{
log
(
fm�Xn�

fm′�Xn�

)}
≤ I∗ and Em

{
log
(
fm�Un� ��

fm′�Un� ��

)}
≤ I∗� (2.2)

whereas

Em

{(
log

fm�Xn�

fm′�Xn�

)2
}
≤ V ∗ and Em

{(
log

fm�Un� ��

fm′�Un� ��

)2
}
≤ V ∗� (2.3)

3. PRELIMINARIES INVOLVING TWO-STAGE TESTS

The procedure presented in this article is an extension of the two-stage tests in Mei
(2008) and Wang and Mei (2011) that are asymptotically optimal of the first order.
A two-stage test A�c� only uses two different quantizers with at most one switch
between them. In the first stage, A�c� uses any reasonable stationary quantizer �0

and makes a preliminary decision D0 = m ∈ �0� 1� � � � �M − 1�. In the second stage,
based on the preliminary decision, the local sensor switches to one of the M maximin
quantizers, �̄∗

0� � � � � �̄
∗
M−1 and keeps using it until a final decision is made.

There are several possible choices for the fusion center decision policy of the
two-stage test A�c�� To be more concrete and to simplify our arguments, let us now
focus on the case M = 2� As mentioned in Section 2, the M = 2 maximin quantizers
are actually deterministic MLRQs, and thus we denote them by �∗

0 and �∗
1� Define

the log-likelihood functions

Zn�0� =
n∑

i=1

log f0�Ui� �i� and Zn�1� =
n∑

i=1

log f1�Ui� �i��
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where �i is the quantizer applied by the local sensor at time step i� The stopping
policies of the two-stage tests defined in Wang and Mei (2011) can be equivalently
stated in terms of the log-likelihood functions as follows. The first stage of A�c�
stops whenever �Zn�0�− Zn�1�� ≥ A0 and makes a preliminary decision D0 = 0 if
Zn�0�− Zn�1� ≥ A0 and D0 = 1 if Zn�0�− Zn�1� ≤ −A0� Likewise, the second stage
stops (so does the whole test procedure) whenever �Zn�0�− Zn�1�� ≥ A1� and the
final decision D = 0 or 1� depending on whether Zn�0�− Zn�1� ≥ A1 or ≤ −A1 when
stopping.

To see the asymptotic properties of A�c�� assume for the moment that m = 0 is
the true state of nature. Note that Zn�0�− Zn�1� =

∑n
i=1 �Zi�0� 1� with �Zi�0� 1� =

log�f0�Ui� �i�/f1�Ui� �i��� In the first stage, �n ≡ �0� and the �Zi�0� 1�s become i.i.d.
with a positive mean, which is denoted by I�0� 1� �0� > 0� Thus, it is most likely that
the realized log-likelihood ratio Zn�0�− Zn�1� will hit A0 earlier than −A0 and, on
average, the time step of the first stage of the two-stage test A�c� will be roughly
A0/I�0� 1� �

0�� This implies that A�c� will likely make the preliminary decision D0 =
0 at the first stage and, in such a case, the local sensor quantizer will switch to
the maximin quantizer �∗

0 in the second stage. Now consider the fusion center’s
policies in the second stage, we have �n ≡ �∗

0� and the �Zn�0� 1�s are again an i.i.d.
sequence, except with mean I�0� 1� �∗

0� = I�0�� which is generally greater than or
equal to I�0� 1� �0� by the definition of maximin quantizers. At the beginning of
the second stage, the log-likelihood ratio Zn�0�− Zn�1� ≈ A0� whereas the second
stage is stopped when �Zn�0�− Zn�1�� > A1� which most likely occurs when Zn�0�−
Zn�1� > A1 if m = 0 is the true state. Thus, in order for the log-likelihood ratio
Zn�0�− Zn�1� to increase from A0 to A1 = � log c�� on average the time step of the
second stage is roughly �A1 − A0�/I�0� if this is the dominant term and the part of
making a wrong preliminary decision is insignificant. In other words, when m = 0 is
the true state, the overall expected sample size of the two-stage test A�c� is roughly

E0�N� ∼
A0

I�0� 1� �0�
+ A1 − A0

I�0�
= � log c�

I�0�
+ A0�0�

with �0 = 1
I�0�1��0�

− 1
I�0� ≥ 0, since A1 = � log c�� Likewise, when m = 1 is the true

state,

E1�N� ∼
A0

I�1� 0� �0�
+ A1 − A0

I�1�
= � log c�

I�1�
+ A0�1�

where �1 = 1
I�1�0��0�

− 1
I�1� ≥ 0� Using the well-known fact that the cost of taking

observations is generally dominant in the Bayes risk of sequential tests, for example,
Pm�D �= m� = O�c� for m = 0� 1, one can show that under reasonable regularity
conditions, the Bayes risk of the two-stage test A�c� is

�c�A�c�� ∼
(

�0

I�0�
+ �1

I�1�

)
c� log c� + cA0��0�0 + �1�1�� (3.1)

In addition, one can show that the first summation on the right-hand side of
(3.1) provides a lower bound on any decentralized sequential tests, including the
Bayes test ∗B�c�� Thus, if the thresholds A0 and A1 = � log c� satisfy A0 → � and
A0/A1 → 0 as c → 0� then

�c�A�c�� = �1+ o�c���c�
∗
B�c�� ∼

(
�0

I�0�
+ �1

I�1�

)
c� log c��
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and thus A�c� is first-order asymptotically optimal. With this choice of thresholds,
the time steps of the first stage are large but negligible compared to those of the
second stage.

Unfortunately, these arguments fail if we want to find a test that is second-order
asymptotically optimal in the sense of �c�A�c��−�c�

∗
B�c�� = O�c�� since A0 → �

and �0�0 + �1�1 > 0 except in the trivial cases when either �0 or �1 is 0� Here one of
�0 and �1 is generally positive as one typically cannot optimize two K-L information
numbers, I�1� 0� �� and I�0� 1� ��� simultaneously due to the asymmetry of the K-L
information numbers.

By (3.1), some major modification to the first stage is needed to further
improve the performance of A�c�� The key observation is that the first stage of
A�c� is itself another decision making procedure, and one could replace it by a
two-stage test to improve its efficiency, thereby making the whole procedure a
three-stage test. Intuitively, increasing the number of stages from two to three will
improve performance, but the first stage of the three-stage test can still be too
long to attain second-order optimality. Fortunately, the idea can be salvaged if we
continue exploiting the idea of dividing the first stage with additional two-stage
tests, until the first stage of the whole test becomes sufficiently short. This naturally
leads to the multistage test considered in the next section, where the total number
of stages goes to � as the cost c goes to 0.

4. DEFINITION OF MULTISTAGE PROCEDURES

In this section, we provide a general definition of our proposed multistage test,
denoted by MS�c�� in the context of testing M ≥ 2 hypotheses when the cost of
taking observations per time step is c (we assume that c ∈ �0� 1� is so small that
log log � log c� is well defined). To define our proposed multistage test, we first need
to specify J + 1 threshold values, one for each stage: 1 < A0 < A1 < · · · < AJ =
� log c�� where both J + 1� the number of the stages, and the threshold values
A0� � � � � AJ may depend on c� Next, we need to specify (at most) M + 1 different
(possibly randomized) quantizers that will be used by MS�c� when testing M ≥ 2
hypotheses, say, �̄0� �̄0� � � � � �̄M−1� with �̄0 being used in the first stage and one of
the remaining M quantizers �̄m used in the following J stages if the previous stage
has a preliminary decision m� That is, if the decision at the �j − 1�th stage is �Dj−1 =
m�� then the local quantizers at the jth stage will switch to quantizer �̄m� Hence, the
quantizers are stationary within each stage and may or may not change from one
stage to the next. In our asymptotic theorems, the set of M quantizers, �̄0� � � � � �̄M−1�
can be arbitrary in the asymptotic analysis, but they should be chosen as the M
“maximin" quantizers in the asymptotic optimality theorems.

Now let us define the stopping rules of MS�c� at each different stage, which
is based on the log-likelihood vectors �Zn�0�� � � � � Zn�M − 1��� where for each
m = 0� � � � �M − 1� the fusion center updates the log-likelihood function Zn�m�
recursively at each time step n via

Zn�m� =
n∑

i=0

log fm�Ui� �
�i�
n � = Zn−1�m�+ �Zn�m�

and �Zn�m� = log fm�Un� �
�i�
n �� Here ��i�

n is the actual deterministic quantizer used
by the local sensor to generate the sensor message Ui at time step i� For instance,
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in the first stage of MS�c�, a possibly randomized quantizer �̄0 is assigned, by our
rule (introduced in Section 3) of implementing such a quantizer, at a given step n,
through a randomization, the fusion center must first pick a deterministic quantizer
�0

n to be actually used at the local level. Then ��i�
n = �0

n.
The first stage of MS�c� stops at time

N0 = inf�n ≥ 1 � max
0≤m≤M−1

min
0≤m′ �=m≤M−1

�Zn�m�− Zn�m
′�� ≥ A0��

In other words, MS�c� stops its first stage if for some m the difference between
the log-likelihood Zn�m� and the log-likelihood of the next most likely hypothesis
crosses the threshold A0� Then MS�c� makes a preliminary decision D0 = m at the
first stage and the local sensor switches to �̄m in the next stage. The other stages
of MS�c� can also be defined similarly except using different local quantizers and
different local thresholds Aj . Alternatively, for j = 1� � � � � J , the jth stage of MS�c�
stops at time Nj = min0≤m≤M−1��j�m�� where

�j�m = inf�n ≥ Nj−1 � min
0≤m′ �=m≤M−1

�Zn�m�− Zn�m
′�� ≥ Aj��

and MS�c� makes an intermediate decision Dj = m if Nj = �j�m. Hence, the sample
size of the jth stage of MS�c� is Nj − Nj−1� and the (total) sample size of MS�c�

is N = N0 +
∑J

j=1�Nj − Nj−1� = NJ with the final decision D = DJ� Under our
definition, it is possible that Nj = Nj−1 due to the large overshoot at the �j − 1�th
stage. In addition, at most M + 1 different quantizers, that is, �̄0� �̄0� � � � � �̄M−1 are
used in a multistage test MS�c�, although the idea can be extended to allow different
sets of quantizers at different stages.

It is important to note that on the one hand, the thresholds �Aj� should be
chosen to increase rapidly, so that each stage takes significantly more samples than
its preceding stage in order to have a much better chance to make an accurate
preliminary decision. On the other hand, the same thresholds should not increase
overly fast, since otherwise a wrong preliminary decision may lead to inferior sensor
message functions for a long period of time. For example, the choice of Aj = �Aj−1

for some � > 1 is too slow, but Aj = eAj−1 turns out to be too fast. In this article,
an appropriate growth pattern for the Ajs can be as slow as Aj = �jAj−1 with the
sequence �i > 1 increasing to � or can be as fast as Aj = �Aj−1�

r for some r > 1�
To be more rigorous, we select the thresholds �Aj� to satisfy the following two

assumptions: (i) there exists a finite constant A∗ such that

lim sup
c→0

J∑
j=0

Aje
−Aj−1 ≤ A∗� (4.1)

where J = J�c� goes to � as c → 0� and (ii) lim supj Aj−1/Aj = 0 in the sense that
for any given � > 0� there exists c0 > 0 and j0 = j0�c0� such that Aj−1/Aj < � for all
j0 ≤ j ≤ J and for all 0 < c < c0�

To satisfy these assumptions with AJ = � log c�� we can define Ajs in a backward
recursive sense. A concrete example is as follows: let r > 1 be a constant that does
not depend on c, say, r = 2� and define Aj−1 = A

1/r
j until 0 < A0 < C∗ for some

prespecified constant 1 < C∗ < � log c�� In this case, we have logA0 = � 1
�
�J logAJ and

thus the total number of stages is

J + 1 =
⌈
log log � log c� − log logC∗

log r

⌉
+ 1�
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which goes to � as c → 0� Here �x� is the smallest integer not less than x� Clearly,
the total number of stages is J + 1 = 2 when � log c� ≤ �C∗�r or, equivalently, c <
exp�−�C∗�r��

5. ASYMPTOTIC PROPERTIES WHEN TESTING ASYMMETRIC
MULTI-HYPOTHESES

We will focus on the case of testing asymmetric multi-hypotheses, and let us first
explore the Bayes risk of the proposed multistage test MS�c�� This includes two
estimations: the probability of making incorrect decisions and the expected sample
sizes under each hypothesis Hm� The former is relatively easy and is summarized in
the following lemma.

Lemma 5.1. Given a multistage test MS�c�� for any state m = 0� � � � �M − 1� we have

Pm �D �= m� ≤ �M − 1�c�

Proof. It suffices to show that for any m′ �= m, Pm �D = m′� ≤ c� Recall that in
order for MS�c� to make a decision �D = m′� when stopping at time N� one should
have ZN�m

′�− ZN�m� ≥ AJ = � log c�� By a change of measures, we have

Pm �D = m′� = Em′
(
e−ZN �m

′�+ZN �m�� D = m′)
≤ Em′

(
e−� log c��D = m′)

= cPm′�D = m′� ≤ c�

and thus the lemma holds.
From the proof of the above lemma, one can easily see that at the end of the

�j − 1�th stage,

Pm

{
Dj−1 = m′} < exp�−Aj−1��

In other words, if the true state of nature is m� the fusion center will likely make
an intermediate decision Dj−1 = m at the end of �j − 1�th stage, and thus the local
sensor will most likely switch to �̄m at the beginning of the jth stage.

Next, let us consider the sample size Nj − Nj−1 of MS�c� at the ith stage when
the true state of nature is m� Let us start with providing an informal high-level
description of the situation. There are two different scenarios: �Dj−1 = m� and
�Dj−1 �= m�� The analysis under the former scenario is tedious but straightforward
when testing asymmetric multi-hypotheses. Denote by m′ �= m be the only state
that is “closest” to the true state m; that is, I�m�m′� �̄m� = minm′′ I�m�m′′� �̄m� =
I�m� �̄m�� Then the stopping region of the ith stage of MS�c� is asymptotically
equivalent to stopping when Zn�m�− Zn�m

′� > Aj� where at the jth stage, the log-
likelihood ratio Zn�m�− Zn�m

′� is the sum of i.i.d. random variables with mean
I�m� �̄m� and an initial value ≈ Aj−1� Hence, by applying classical well-known
results from sequential analysis, Em�Nj − Nj−1�Dj−1 = m� ≈ �Aj − Aj−1�/I�m� �̄m�+
O�1�� The analysis under scenario �Dj−1 �= m� is a little different. While the expected
sample size of MS�c� conditional on �Dj−1 �= m� can be significantly large, it is
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still O�Aj� and thus Em�Nj − Nj−1�Dj−1 �= m� = O�Aje
Aj−1�� Hence, constraint (4.1)

guarantees that the overall contribution to Em�N� under the incorrect decision
scenario �Dj−1 �= m� is insignificant.

The following theorem, whose proof is postponed to Section 7, summarizes the
asymptotic expression of the expected sample of the proposed multistage test MS�c�
when it is equipped with asymmetric quantizers.

Theorem 5.1. Given a multistage test MS�c� equipped with possibly randomized
quantizers ��̄m� and a preliminary quantizer �̄0, assume that the quantizer �̄m is
asymmetric w.r.t. the state m for a given 0 ≤ m ≤ M − 1 and the K-L information
numbers of the quantized data have a common positive lower bound I∗ > 0; that is,

min
0≤m�=m′≤M−1

I�m�m′� �̄� ≥ I∗� for any �̄ ∈ {�̄0� �̄0� � � � � �̄M−1

}
�

If the thresholds Ajs satisfy (4.1), then the expected sample size N of MS�c� satisfies

Em�N� ≤ � log c�/I�m� �̄m�+ O�1� (5.1)

as c → 0�

In fact, it can be shown that the O�1� term in (5.1) is related to the set
of quantizers,

{
�̄0� �̄0� � � � � �̄M−1

}
� only through the lower bound of the K-L

divergence I∗ and the values of

Igap�m� �̄m� = min
m′′ �=m�m′ I�m�m′′� �̄�− I�m�m′� �̄� with m′ = argminI�m�m′� �̄��

In addition, the threshold-related factors involved in the O�1� term in (5.1) are
actually

O�A0�+ O

(
J∑

j=1

Aje
−Aj−1

)
�

which can be used to find an optimal first-stage threshold A0 in a two-stage test.
To see this, for the two-stage test, we have J = 1 and AJ = � log c�� By letting
A0 = A1e

−A0� it is easy to show that as c → 0� the optimal choice of A0 should
satisfy A0�opt = O�logA1 − log logA1� = O�log � log c�

log � log c� �� and the corresponding two-
stage test can attain the Bayes risk to within O�c log � log c���

Now we are ready to derive the Bayes risk of the multistage test MS�c��
Combining Lemma 5.1 and Theorem 5.1 yields that if every quantizer �̄m is
asymmetric w.r.t. the corresponding state m and relation (4.1) holds, then we
conclude

�c�MS�c�� ≤ c� log c�
M−1∑
m=0

�m/I�m� �̄m�+ O�c�

where the O�c� term can be made uniform w.r.t. groups of quantizers with common
I∗ and positive lower bound for

{
Igap��̄m�m�

}
�

Clearly, in order to minimize the Bayes risk �c�MS�c�� among the multistage
tests, one should use �̄m that maximizes I�m� �̄m� in (2.1) for each m = 0� � � � �M − 1�
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Such a quantizer is just the maximin quantizer defined in Definition 2.1. For the
sake of optimality theory, denote by ∗MS�c� the multistage test that is equipped
with the maximin quantizers ��̄∗

m� for each m = 0� � � � �M − 1 and with thresholds
�Aj� satisfying, (4.1). Then if each maximin quantizer �̄∗

m is asymmetric w.r.t. the
corresponding state m� that is, all states ms are asymmetric, then

�c�
∗
MS�c�� ≤ c� log c�

M−1∑
m=0

�m/I�m�+ O�c�� (5.2)

Next, we will show that ∗MS�c� is not only the best among the multistage tests
but also asymptotically optimal among all possible decentralized tests. To do so, a
crucial step is the following theorem, which provides a lower bound for the Bayes
risk of the Bayes procedure.

Theorem 5.2. Let ∗B�c� be the Bayes test procedure, with parameter c being the cost
per time step. Then as c → 0,

�c�
∗
B�c�� ≥ c� log c�

M−1∑
m=0

�m/I�m�+ O�c��

Finally, by relation (5.2) and Theorem 5.2, it is clear that ∗MS�c� is second-order
asymptotically optimal when the problem is asymmetric.

Corollary 5.1. If each and every state m is asymmetric for m = 0� � � � �M − 1, then the
multistage test ∗MS�c� is second-order asymptotically optimal in the sense of attaining
the Bayes risk to within O�c��

It is useful to add several comments. First, it is evident from Theorems 5.1 and
5.2 that all inequalities in these theorems are actually equations, since �c�

∗
B�c�� ≤

�c�
∗
MS�c�� by the definition of Bayes procedures. In particular, relation (5.2) is also

an equation.
Second, condition (4.1) guarantees that the thresholds Ajs do not increase too

fast, and this condition is crucial in our second-order asymptotic optimality theory,
since it makes sure that the expected sample sizes when making wrong decisions are
of order O�1�� As mentioned by a reviewer, in practice it is often desired to have
as few number of stages as possible, and thus we can choose the Ajs to grow as
fast as possible under the condition (4.1); for example, Aj = Ar

j−1. In this case, the
total number of stages, J + 1, goes to � at the extremely slow rate of log log log �c�.
Hence, if the cost c per time step is only moderately small, then a two-stage test
with suitably seleted thresholds A0� A1 is usually sufficient for all practical purposes.

Third, another crucial condition of the second-order optimality is the
asymmetric assumption of �̄m w.r.t. the state m for each m� which is used in
Theorem 5.1 to derive Em�N�� If this condition is not satisfied, that is, if �̄m is
symmetric w.r.t. some state m, then we can only derive

Em�N� = � log c�/I�m� �̄m�+ O
(√� log c�

)
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as c → 0� In this case, the Bayes risk of ∗MS�c� the two-stage test equipped with
maximin quantizers ��̄∗

m� becomes

�c �
∗
MS�c�� = c� log c�

M−1∑
m=0

�m/I�m�+ O
(
c
√� log c�

)
�

and thus ∗MS�c� attains the Bayes risk up to O�c
√� log c�� when one or more states

are symmetric. We conjecture that ∗MS�c� is actually Bayes up to o�c
√� log c�� or

even possibly O�c� when the problem is symmetric, but we are unable to prove or
disprove this claim.

Fourth, it is interesting to consider the special case of testing M = 2 simple
hypotheses, in which the asymmetric assumption of Theorem 5.1 is satisfied, as there
are only one null hypothesis and one alternative hypothesis. Hence, Theorem 5.1 is
applicable, and the multistage test ∗MS�c� equipped with the maximin quantizers is
second-order asymptotically optimal when testing M = 2 hypotheses.

Stronger results can also be obtained for testing M = 2 hypothesis. For instance,
Theorem 5.1 and Corollary 5.1 still hold if Assumption 2.1 is replaced by (2.2) and
(2.3). In addition, the threshold condition (4.1) is not only sufficient for ∗MS�c� to be
second-order asymptotically optimal as shown in Corollary 5.1 but also necessary
in the case of testing M = 2 hypotheses.

Theorem 5.3. When testing M = 2 hypotheses, assume that the two maximum
quantizers are distinct; that is, no single quantizer �̄ can maximize I�0� 1� �̄� and
I�1� 0� �̄� simultaneously. In order for ∗MS�c� to be second-order asymptotically optimal,
the thresholds �Aj� must satisfy condition (4.1).

The proof of this theorem goes along the same lines as Theorem 5.1 and is
thus omitted. As a consequence, if a multistage procedure MS�c� is second-order
asymptotically optimal, the total number of its stages, that is, J + 1, must go to
infinity as c → 0� This suggests that, when testing M = 2 hypotheses, a two-stage
test, theoretically, can never enjoy second-order asymptotic optimality properties;
however, from a practical point of view, it may very well be nearly Bayes when c is
moderately small.

6. NUMERICAL SIMULATIONS

In this section we illustrate our theory via numerical simulations. Assume that the
raw data observed at the local sensor follow a normal distribution N��� 1� and are
interested in testing three asymmetric hypotheses regarding �� say, H0 � � = 0� H1 �
� = −0�5, and H2 � � = 1� We assign a prior probibity �m = 1/3 to each hypothesis
and further assume that we simply use the stationary quantizer �0�X� = I�X ≥ 0�
in the first stage if the test has two or multiple stages. As shown in Wang and Mei
(2011), for this asymmetric case, the three maximin quantizers are all deterministic
MLRQs and are given by �̄0 = I�X ≥ −0�1037�� �̄1 = I�X ≥ −0�3963�� �̄2 = I�X ≥
0�7941��

In our simulations, we assume that the cost c = 10−4� and we consider a three-
stage test with A0 = 1�74�= √

A1�� A1 = 3�03�= √� log c��, and A2 = � log c�� For the
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Table 1. Expected values of time steps taken for each of the four tests when c = 10−4 and
AJ = � log c�

Three-stage test �J = 2� Two-stage tests �J = 1�

E��N� A0 = 1�74� A1 = 3�03 A0 = 0�5 A0 = 1�74 A0 = 3�03

� = −0�5 119�9± 0�6 144�9± 0�8 120�8± 0�6 120�9± 0�6
� = 0 122�0± 0�5 143�2± 0�7 124�6± 0�6 121�2± 0�5
� = 1 31�9± 0�1 31�5± 0�1 31�9± 0�1 32�8± 0�1

sake of comparisons, we also run simulations for two-stage tests with A1 = � log c�
and three different choices of A0: (i) A0 = 0�5� (ii) A0 = 1�74� and (iii) A0 = 3�03�
Since all four tests have similar probabilities of making incorrect decisions, we depict
in Table 1 the simulated expected time steps E��N� for � = −0�5� 0� and 1� Each
result in Table 1 is based on 104 repetitions and is recorded as the Monte Carlo
estimate plus or minus standard error.

From Table 1, we observe that the two-stage test with a smaller A0 value
seems to have smaller E�=1�N� but larger E�=0�N�� whereas the three-stage test
achieves small E��N� simultaneously for all three possible �� Since the Bayesian
risk is roughly proportional to the average of E��N� (as the contribution of
making incorrect decisions is insignificant), we can conclude that the three-stage
test does perform better than all three two-stage tests. However, we observe that
this improvement is only marginal if the threshold A0 of the two-stage test is
properly chosen. This is consistent with our theoretical asymptotic analysis, where
we concluded that multistage tests have better performance, though a two-stage
test with suitable threshold design may be sufficient from a practical point view,
especially when c is only moderately small.

7. PROOFS

This section contains the proofs of Theorems 5.1 and 5.2. Let us begin with the
the following lemma, as it highlights the reasons why we make Assumption 2.1
and why we classify the hypothesis testing problems into two cases: symmetric and
asymmetric.

Lemma 7.1. Assume that the local sensor uses a stationary (though possibly
randomized) quantizer �̄� and consider the stopping time

TA = inf�n ≥ 1 � min
1≤m≤M−1

�Zn�0�− Zn�m�� ≥ A��

where A > 0 is a constant threshold. There are two scenarios for E0�TA�� depending on
the properties of I�0� �̄� = min1≤m≤M−1 I�0�m� �̄��

(i) If I�0� �̄� is attained at only one m� say, m = m1� then E0�TA� = A/I�0� �̄�+ O�1�
as A → �� In addition, for all A ≥ 0� the overshoot E0�ZTA

�0�− ZTA
�m1�− A� ≤

C2 for some constant C2 > 0�
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(ii) If I�0� �̄� is attained at two or more ms, then E0�TA� = A/I�0� �̄�+ O�
√
A� as A →

��

Moreover, regardless of case (i) or (ii), there exists a constant C1 > 0 such that
E0�TA� ≤ C1�A+ 1� holds for all A > 0�

Proof. (i) When M = 2� this is the well-known result from renewal theory, and the
conclusion holds under a weaker assumption of (2.2) and (2.3), see chapter VIII of
Siegmund (1985). When M ≥ 3, under Assumption 2.1, this is a standard application
of nonlinear renewal theory, as it can be shown that TA is asymptotically equivalent
to T ′

A = inf�n ≥ 1 � Zn�0�− Zn�m1� ≥ A�� The detailed proof is along the same line
of those of Theorem 3.1 of Dragalin et al. (2000) and thus is omitted.

(ii) This part is similar to Theorem 3.3 of Dragalin et al. (2000). Here our
results are weaker, and we present a simpler proof by using the argumenets in Mei
(2008). Let

�m = inf

{
n ≥ 1 � Zn�0�− Zn�m� =

n∑
i=1

��Zi�0�− �Zi�m�� ≥ A

}

and

tm = sup

{
n ≥ 1 �

�m+n∑
i=�m+1

��Zi�0�− �Zi�m�� ≤ 0

}
�

Then

max
1≤m≤M−1

��m� ≤ T ≤ max
1≤m≤M−1

��m + tm��

Under P0� �Zn�0�− �Zn�m� are i.i.d. with positive mean I�0�m� �̄� and finite
variances, and thus it is well known that E0�tm� < � and �m is asymptotically
normally distributed with E0��m� = A/I�0�m� �̄�+ O�1� and Var0��m� = O�A��
From this and the fact I�0�m� �̄� ≤ I�0� �̄�� we have

E0 max
(
0� �m − A

I�0� �̄�

)
= O�

√
A��

Hence,

E0�T� = E0

(
max

1≤m≤M−1
��m�

)
+ O�1�

= A

I�0� �̄�
+ E0

(
max

1≤m≤M−1

(
�m − A

I�0� �̄�

))

≤ A

I�0� �̄�
+

M−1∑
m=1

E0 max
{
0� �m − A

I�0� �̄�

}

= A

I�0� �̄�
+ O�

√
A��
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This completes the proof of part (ii).
By (i) and (ii), it is straightforward to see that for a given C0 > A/I�0� �̄�� we

have

lim
A→�

E0�TA�/�C0A� < 1�

Hence, there exists a constant A′ such that E0�TA� ≤ C0A whenever A > A′� In
addition, it is clear that E0�TA� is an increasing function of A� and thus E0�TA� ≤
E0�TA′� for all 0 ≤ A ≤ A′� Let C1 = max�C0�E0�TA′��� Then E0�TA� ≤ C1A if A >
A′ and ≤ C1 if A ≤ A′� Therefore, for all A ≥ 0� we have E0�TA� ≤ max�C1A�C1� ≤
C1A+ C1� completing the proof of the lemma.

�

7.1. Proof of Theorem 5.1

It suffices to prove (5.1) when m = 0 is the true state of nature. Without loss of
generality, assume that m′ = 1 is the only state that is “closest" to the true state
m = 0 in the sense that

I�0� 1� �̄0� = I�0� �̄0� < I�0�m′′� �̄0�� for any m′′ = 2� 3� � � � �M − 1�

It is tempting to apply Lemma 7.1 directly to derive E0�Nj − Nj−1�� the expected
sample size of the jth stage of MS�c�� for each j� The overall sample size of MS�c�
is N = N0 +

∑J
j=1�Nj − Nj−1�� and thus

E0�N� = E0�N0�+
J∑

j=1

E0�Nj − Nj−1� Dj−1 = 0�

+
J∑

j=1

E0�Nj − Nj−1� Dj−1 �= 0�

= E0�N0�+
J∑

j=1

E0�Nj − Nj−1� Dj−1 = 0�

+
J∑

j=1

M−1∑
m=1

E0�Nj − Nj−1� Dj−1 = m�� (7.1)

Unfortunately, while this direct approach can easily show that the first and third
terms of (7.1) are O�1� under assumption (4.1), it only gives a very rough estimation
for the second term of (7.1):

J∑
j=1


�Aj − Aj−1�/I�0� �̄0�+ O�1�� = � log c�/I�0� �̄0�+
J∑

j=1

O�1��

where the second-order term can be significant even if we assume that all these O�1�
terms are uniformly bounded, as J goes to � as c → 0� The main reason why this
direct approach leads to a poor approximation is because it analyzes the overshoots
�ZNj−1

�0�− ZNj−1
�1��− Aj−1 at different stages individually and ignores the fact that

our proposed test MS�c� carries the values of the log-likelihood Zn�m�s from one
stage to next stage.
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To prove the theorem, we need to use an indirect approach based on Wald’s
equation and overshoot investigation to deal with the dominant term of (7.1), which
corresponds to the case when the fusion center makes the correct (preliminary)
decisions. To make our proof presentation concise, let us use MS�c� construct a new
stopping time N ′ as follows: N ′ = N if DJ = 0� However, when DJ = m �= 0, we will
let the local sensor continue to sample the data, let the fusion center continue to use
the same quantizer as it used at time step N for quantization, and the new procedure
stops at time

N ′ = inf
{
n ≥ N � min

1≤m≤M−1
�Zn�0�− Zn�m�� ≥ AJ

}
�

In other words, the procedure defined by the stopping time N ′ will always make a
final decision D = 0� Obviously N ′ ≥ N� and to prove Theorem 5.1, we only need to
show that as c → 0�

E0�N
′� = � log c�/I�0� 1� �̄0�+ O�1� (7.2)

and

E0�N
′ − N� = O�1�� (7.3)

where both O�1� terms depend only on I∗� I∗� V ∗� �� ����� A∗, and AJ−1/AJ .
It is easy to prove (7.3). To see this, note that N ′ �= N only when DJ = m for

some m �= 0� where ZN�m�− ZN�0� = a ≥ AJ by our definition of MS�c�� By the
change of measures arguments,

P0 �ZN �0�− ZN�m� ≤ −a�DJ = m�

= Em

{
eZN �0�−ZN �m�� ZN �0�− ZN�m� ≤ −a�DJ = m

} ≤ e−a� (7.4)

In addition, in such a case, define another stopping time N
′′
by

N
′′ = min

{
n ≥ 1 � min

1≤m′≤M−1

N+n∑
i=N+1

��Zn�0�− �Zn�m
′�� ≥ AJ + a

}
�

and then N ′ − N ≤ N
′′
� By Lemma 7.1, when DJ = m,

E0�N
′ − N ��N � ≤ E0�N

′′ ��N � ≤ C1�AJ + a+ 1��

Thus,

E0�N
′ − N�DJ = m� ≤

∫ �

AJ

E0�N
′′�P0�ZN �m�− ZN�0� ∈ �a� a+ da��DJ = m�

≤
∫ �

AJ

C1�AJ + a+ 1�P0�ZN �m�− ZN�0� ∈ �a� a+ da��DJ = m�

= −
∫ �

AJ

C1�AJ + a+ 1�dP0�ZN �m�− ZN�0� ≥ a�DJ = m�

�since dP�X ≤ x� = −dP�X ≥ x��

= −
∫ �

AJ

C1�AJ + a+ 1�dP0�ZN �0�− ZN�m� ≤ −a�DJ = m�

= C1�AJ + AJ + 1�P0�DJ = m�

+ C1

∫ �

AJ

P0�ZN �0�− ZN�m� ≤ −a�DJ = m�da�
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By Lemma 5.1, the first term of the right-hand side is bounded above by C1�AJ +
AJ + 1�e−AJ , whereas by (7.4), the integral is bounded above by

∫ �
AJ
e−ada = e−AJ �

So

E0�N
′ − N�DJ = m� ≤ C1�2AJ + 1�e−AJ + C1e

−AJ = 2C1�AJ + 1�e−AJ � (7.5)

Now it remains to prove (7.2). To simplify notation, for n = 1� 2� � � � , denote by
�Zn�0� 1� = �Zn�0�− �Zn�1� the log-likelihood ratio between state m = 0 and state
m = 1� Recall that the (possibly randomized) quantizer �̃n ∈ ��̄0� �̄0� � � � � �̄M−1�
is stationary at each stage for MS�c�� and E0��Zn�0� 1�� = I�0� 1� �̃n�� By a
generalization of Wald’s equation or, alternatively, by optional stopping theorem
for martingales, we have

E0 �ZN ′�0� 1�� = E0

{
N ′∑
n=1

��Zn�0� 1��

}
= E0

{
N ′∑
n=1

I�0� 1� �̃n�

}
�

By the definition of the multistage test MS�c� and the relationship between N ′

and N = NJ (N ′ = N except at the J th stage), we have

E0 �ZN ′�0� 1�� = I�0� 1� �̄0�E0�N0�+ I�0� 1� �̄0�
J∑

j=1

E0�Nj − Nj−1� Dj−1 = 0�

+
J−1∑
j=1

M−1∑
m=1

I�0� 1� �̄m�E0�Nj − Nj−1� Dj−1 = m�

+
M−1∑
m=1

I�0� 1� �̄m�E0�N
′ − NJ−1� DJ−1 = m�

= I�0� 1� �̄0�E0�N
′�+ (

I�0� 1� �̄0�− I�0� 1� �̄0�
)
E0�N0�

+
M−1∑
m=1

J−1∑
j=1

(
I�0� 1� �̄m�− I�0� 1� �̄0�

)
E0�Nj − Nj−1� Dj−1 = m�

+
M−1∑
m=1

(
I�0� 1� �̄m�− I�0� 1� �̄0�

)
E0�N

′ − NJ−1� DJ−1 = m��

With a similar argument as we obtain the estimate in (7.5), there exists a
constant C3 that only depends on I∗� I∗� V ∗ such that for any m �= 0,

E0�N0� ≤ C3�A0 + 1�

E0�Nj − Nj−1� Dj−1 = m� ≤ C3�Aj + 1�e−Aj−1� j = 1� � � � � J − 1

E0�N
′ − NJ−1� DJ−1 = m� ≤ C3�AJ + 1�e−AJ−1�

and thus

E0 �ZN ′�0� 1�� = I�0� 1� �̄0�E0�N
′�+ O

(
J∑

j=0

�Aj + 1�e−Aj−1

)

= I�0� 1� �̄0�E0�N
′�+ O�1�

by assumption (4.1).



524 Wang and Mei

From this, relation (7.2) holds if we can show that the overshoot

E0�ZN ′�0� 1�− AJ� = O�1�� (7.6)

Thus, it remains to prove (7.6). This requires us to consider three different cases,
depending on the values of DJ−1 and the log-likelihood functions at the end of �J −
1�th stage:

(i) when DJ−1 = m′ �= 0;
(ii) when DJ−1 = 0 and max1≤m≤M �ZNJ−1

�0�− ZNJ−1
�m�� ≥ �AJ for some � > 0;

(iii) when DJ−1 = 0 and max1≤m≤M �ZNJ−1
�0�− ZNJ−1

�m�� ≤ �AJ �

Note that our choice of AJ−1 and AJ implies that AJ−1/AJ → 0 as c → 0� Thus,
for any given � > 0� we can assume that c is sufficiently small such that AJ−1/AJ <
�� In addition, when DJ−1 = 0� ZNJ−1

�0�− ZNJ−1
�m� ≥ AJ−1 for all m �= 0� Thus, case

(ii) corresponds to the scenario when some overshoots at the end of the �J −
1�th stage, ZNJ−1

�0�− ZNJ−1
�m�− AJ−1� are large, while case (iii) describes when all

overshoots are small.
Similar to the proof of (7.5), it is not difficult to see that P0�DJ−1 = m′� ≤ e−AJ−1

and E0�ZN ′�0� 1�− AJ �DJ−1 = m′� ≤ C4�AJ + 1� and, thus,

E0 �ZN ′�0� 1�− AJ�DJ−1 = m′ �= 0� ≤ C4�AJ + 1�e−AJ−1 = O�1��

Similarly, case (ii) are also rare events, and as in case (i),

E0

{
ZN ′�0� 1�− AJ�DJ−1 = 0� max

1≤m≤M
�ZNJ−1

�0�− ZNJ−1
�m�� ≥ �AJ

}
≤ O�1��

For case (iii), at the end of the �J − 1�th stage, define a new stopping time

T = min
{
n ≥ NJ−1 � Zn�0� 1�− ZNJ−1

�0� 1� ≥ AJ − ZNJ−1
�0� 1��

min
2≤m≤M

�1− ���Zn�0�m�− ZNJ−1
�0�m�� ≥ AJ − ZNJ−1

�0� 1�
}
�

Since m′ = 1 is assumed to be the only state that is “closest" to the true state m = 0�
part (i) of Lemma 7.1 is applicable to T and thus

E0�ZT �0� 1�− AJ ��NJ−1
� ≤ C2�

Moreover, at time T , ZT�0� 1� ≥ AJ and min2≤m≤M ZT�0�m� ≥ AJ . Hence N ′ ≤ T�
Denote by �3 the event for case (iii). Then, conditional on �3�

ZT �0� 1�− ZN ′�0� 1� =
T∑

i=N ′+1

�Zi�0� 1�

where �Zi�0� 1�s are i.i.d. with positive mean I�0� 1� �̄0� for i ≥ N ′ under P0� Hence,

E0�ZN ′�0� 1�− AJ��3� ≤ E0�ZT �0� 1�− AJ��3� ≤ C2�

Combining all above relations yields relation (7.6) and thus the theorem holds.
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7.2. Proof of Theorem 5.2

It suffices to work with the Bayes test ∗B�c�� For state m = 0� � � � �M − 1, denote by
m̃ one state satisfying I�m� m̃� �̄∗

m� = I�m� �̄∗
m�� and let Pm�D = m′� = ��m�m′� and

Pm�D �= m� = �∗�m�. Since the Bayes test ∗B�c� has a smaller Bayes risk than MS�c��
�c�

∗
B�c�� is bounded above by the right-hand side of (5.2), and thus �∗�m� =∑

m′ �=m ��m�m′� = O�c� log c��.
The key idea of the proof is to treat ∗B�c� as a test in the problem of testing the

single state m against the single state m̃� In this simplified binary hypothesis testing
problem, we use ∗B�c� to construct a new test that uses the same stopping rules and
make a final decision to accept the state m (or reject the state m̃) if and only if
�D = m�� This new test has the same sample size N of ∗B�c�� with type I error � =
Pm�D �= m� = �∗�m� and type II error � = Pm̃�D = m� = ��m̃�m�� Let Zn�m� m̃� =
Zn�m�− Zn�m̃� be the log-likelihood ratio statistics, and by Wald’s inequality,

Em�ZN�m� m̃�� ≥ �1− �∗�m�� log
1− �∗�m�

��m̃�m�
+ �∗�m� log

�∗�m�

1− ��m̃�m�

≥ −�1− �∗�m�� log ��m̃�m�− log 2�

where we use the fact that � log�1− ��−1 is nonnegative and �1− �� log�1− ��+
� log � ≥ − log 2�

First, we claim that �∗�m� log ��m̃�m� → 0 as c → 0. Otherwise, there exists a
sequence ci → 0 but

−�∗�m� log ��m̃�m� ≥ b > 0�

When ci is sufficiently small so that �∗�m� ≤ 1/2, we have

Em�ZN�m� m̃�� ≥ b

2�∗�m�
− log 2 ≥ b′

ci� log ci�
− log 2�

where we use the fact �∗�m� = O�c� log c�� and b′ > 0 is another constant not
depending on ci� Since ZN�m� m̃� is the sum of independent variables whose means
have a upper bound I�m� under Pm, by optional stopping (or an extension of Wald’s
equation), we have Em�ZN�m� m̃�� ≤ I�m�Em�N�, and thus

�ci
�∗B�c�� ≥ ciEm�N� ≥

b′

I�m�� log ci�
− ci log 2�

which will be greater than O�ci log ci� ≥ �ci
�MS�c�� as ci goes to 0� This contradicts

the Bayes properties of ∗B�c��
Next, note that the theorem is proved if we can show that ��m̃�m� = O�c�� This

is because

Em�ZN�m� m̃�� ≥ � log c� − �∗�m�� log c� − �1− �∗�m�� log
��m̃�m�

c
− log 2

= � log c� + O�1��



526 Wang and Mei

as �∗�m�� log c� = O�c� log c�2� = o�1�� and

�c�
∗
B�c�� ≥ cEm�N� ≥ cEm �ZN�m� m̃�� /I�m� ≥ � log c�/I�m�+ O�c��

as c goes to 0� This proves the theorem.
So it remains to prove that ��m̃�m� = O�c� as c goes to 0 or, equivalently,

�′�m̃�m� = ��m̃�m�/c = O�1�� Without loss of generality, let us prove it for m =
0 by contradiction. Assume otherwise, and there is a sequence ci → 0 such that
�′�0̃� 0� → �� Then, by possibly going to a subsequence, we can assume that
�′�m̃�m� either goes to � or remains bounded for all other m = 1� � � � �M − 1� By
changing the label of the state, we can assume that there exists 1 ≤ M ′ ≤ M such
that for m = 0� � � �M ′ − 1, �′�m̃�m� → � while for m = M ′� � � � �M − 1, �′�m̃�m� =
O�1�.

Now as ci → 0, for each m = 0� � � � �M ′ − 1,

Em�N� ≥ Em�ZN�m� m̃��/I�m� ≥ � log c�/I�m�− �log �′�m̃�m��/I�m�+ O�1��

whereas, for m = M ′� � � � �M − 1�

Em�N� ≥ � log c�/I�m�+ O�1��

Consequently,

�ci
�∗B�ci�� =

M−1∑
m=0

�mEm �N�+ ∑
m�=m′

�mW�m�m′���m�m′�

≥ ci� log ci�
M−1∑
m=0

�m

I�m�
+ ci

M ′−1∑
m=0

(
�m̃W�m̃�m��′�m̃�m�− �m

log �′�m̃�m�

I�m�

)

+ O�ci��

For m = 0� � � � �M ′ − 1, as ci → 0, �′�m̃�m� → �, so

�m̃W�m̃�m��′�m̃�m�− �m�log �
′�m̃�m��/I�m� → ��

A comparison of this with relation (5.2) shows that �ci
�∗B�ci��−�ci

�∗MS�c�� goes
to �� Hence, if ci is sufficiently small, we have

�ci
�∗B�ci�� > �ci

�∗MS�c���

which is a contradiction to the Baye properties of ∗B�ci�� This completes our proof.
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